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Abstract. This paper deals with delamination analysis of non-linear viscoelastic multilayered beam subjected to
bending in the plane of the layers. For this purpose, first, a non-linear viscoelastic model is presented. In order to take
into account the non-linear viscoelastic behaviour, a non-linear spring and a non-linear dashpot are assembled in
series with a linear spring connected in parallel to a linear dashpot. The behaviours of the non-linear spring and
dashpot are described by applying non-linear stress-strain and stress-rate of strain relationships, respectively. The
constitutive law of the model is derived. Due to the non-linear spring and dashpot, the constitutive law is non-linear.
This law is used for describing the time-dependent mechanical behaviour of the beam under consideration. The
material properties involved in the constitutive law vary along the beam length due to the continuous material
inhomogeneity of the layers. Solution of the strain energy release rate for the delamination is obtained by analyzing
the balance of the energy with considering of the non-linear viscoelastic behaviour. The strain energy release rate is
found also by using the complementary strain energy for verification. A parametric study is carried-out by using the
solution obtained. The solutions derived and the results obtained help to understand the time-dependent delamination
of non-linear viscoelastic beams under loading in the plane of layers.

Keywords: delamination; inhomogeneous material; multilayered beam; non-linear viscoelastic behaviour;
stress-strain-time relationship

1. Introduction

The search for efficacious structural solutions in various areas of modern engineering leads
very often to applications of highly sophisticated continuously inhomogeneous materials whose
properties are continuous functions of coordinates. One kind of these materials known as
functionally graded materials has attracted considerable attention in academic circles around the
globe in the recent decades (Butcher et al. 1999, Faleh et al. 2018, Gasik, 2010, Han et al. 2001,
Hedia et al. 2014, Hirai and Chen, 1999, Khaled Amara et al. 2016, Mahamood and Akinlabi,
2017). Functionally graded materials are relatively new (they have been introduced in 1980°s)
inhomogeneous composites produced by continuously mixing of two or more constituent
materials. The continuous variation of the microstructure of these novel materials along one or
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more directions in the solid can be tailored during production process so as to obtain the desired
distribution of the material properties within the structural member (Bouazza and Zenkour, 2020,
Civalek et al. 2021, Dastjerdi et al. 2020, Derbale et al. 2021, EI-Galy et al. 2019, Saiyathibrahim
et al. 2016, Shrikantha and Gangadharan, 2014, Wu et al. 2014). Therefore, nowadays, these
advanced engineering materials play an important role and their applicability increases
continuously (Akbas et al. 2021, Ellali et al. 2021, Markworth et al. 1995, Miyamoto et al. 1999,
Nemat-Allal et al. 2011, Raad et al. 2019, Ridha et al.2019, Toudehdehghan et al. 2017).

The multilayered inhomogeneous structures are built-up by adhesively bonded layers with
different thicknesses and material properties. There are many advantageous properties of
multilayered materials over the conventional homogeneous structural materials. Among them, the
high strength-to-weight and stiffness-to-weight ratios are of special importance. That is why, these
materials are particularly suitable for building of light-weight structures. The multilayered
structural materials have found also application in aggressive environment. Besides, various
structural components like beams, columns and plates of concrete or steel strengthened by
adhesively bonded layers of polymer composites to some extent can also be considered as
multilayered structures. Reinforced-concrete beams strengthened by laminated composites are
analyzed with considering the influence of temperature and the number of cross-play layers
(Mokhtar Bouazza et al. 2019). Higher-order shear theories are applied for studying the non-linear
response of composite beams to a temperature variation and moisture concentrations (Mokhtar
Bouazza et al. 2014). Thermal buckling behaviour of laminated composite beams is investigated
by using hyperbolic refined shear deformation theory (Mokhtar Bouazza et al. 2019). An
analytical approach for analyzing the buckling of cross-play and angle-play composite beams
under hygro-thermal-mechanical loading is presented in (Mokhtar Bouazza and Ashraf M.
Zenkour, 2020). The wave propagation in a functionally graded plate is studied by
micromechanical approaches (Mokhtar Ellali et al. 2022). First order shear deformation theory is
applied for studying the thermal buckling of a functionally graded rectangular plate (Atmane et al.
2016). An analytical modelling of the thermal buckling behaviour of functionally graded
rectangular plates is carried-out (Mokhtar Bouazza et al. 2015). Bending behaviour of laminated
composite plates is investigated using a model based on multilayer plate theory (Mokhtar Bouazza
et al. 2019). The influence of varying material properties and volume fraction of the constituent
materials on bending behaviour of a functionally graded plate is examined theory (Mokhtar
Bouazza et al. 2018). An exact analytical solution for buckling behaviour of magnetoelectroelastic
plate resting on Pasternak foundation is derived in (Mokhtar Ellali et al. 2018). An exact analytical
solution for buckling analysis of symmetrically cross-play laminated plates is developed in
(Tawfig Becheri et al. 2016). The separation of layers or delamination is the basic disadvantage of
multilayered material and structures (Dolgov 2005, Dolgov 2016). Delamination reduces the
strength, stiffness and load-bearing capacity of multilayered structures and affects their proper
working. Therefore, the durability and reliability of these structures depends in high degree on
their delamination behaviour.

In their life-time, the multilayered structures very often exhibit non-linear viscoelastic
behaviour. Therefore, from practical view point, it is interesting to evaluate the influence of non-
linear viscoelastic mechanical behaviour on the delamination in these structures. It should also be
mentioned that there are situations in which the multilayered beam structures are loaded in
bending in the plane of layers. For these reasons, the purpose of the paper is to develop a
delamination analysis that take into account the non-linear viscoelastic behaviour of multilayered
inhomogeneous beams subjected to bending in the plane of layers. Here, a model consisting of
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Fig. 1 Non-linear viscoelastic model

linear as well as non-linear springs and dashpots is introduced. The constitutive law of the model
is obtained by considering the strains in the components of the model under stress that varies non-
linearly with time. The model is used to describe the non-linear viscoelastic behaviour of the
multilayered beam when deriving solution of the strain energy release rate. It should be noted here
that there are other studies on the in-plane bending mechanical behaviour of laminated beams from
the perspective of the delamination mechanism (one of the pioneer studies in this area are
(Donaldson 1988, Donaldson and Mall 1989)). These studies, however, do not deal with beams
exhibiting non-linear viscoelastic behaviour. Besides, these studies (Donaldson 1988, Donaldson
and Mall 1989) treat the laminated beams as homogeneous bodies (without layers). Therefore, the
novelty of the present paper consists in two facts. First, a non-linear viscoelastic model is used
when analyzing the delamination and, second, the beam configuration subjected to bending in the
plane of layers studied in the present paper is multilayered in contrast to some previous studies
which deal with delamination in structures loaded transversally to the layers (Rizov 2020a, b,
2021, 2022, Rizov and Altenbach 2019, 2022). A parametric study is performed by the solution of
the strain energy release rate derived in the present paper.

2. Analysis of the strain energy release rate with considering of non-linear
viscoelastic behaviour

Since the multilayered beam under consideration in the present paper has non-linear viscoeastic
behaviour, the well-known linear theory of viscoelasticity must be replaced by a non-linear theory
(the latter uses non-linear viscoelastic models). Here, in order to take into account the viscoelastic
behaviour of the multilayered beam a simple non-linear Maxwell model consisting of a non-linear
spring, ns;, and a non-linear dashpot, nl;, is connected in series to the classical Kelvin model
representing a combination of a linear dashpot with coefficient of viscosity, n;, connected in
parallel to a linear spring with modulus of elasticity, E;as shown in Fig. 1. The model in Fig. 1 is
under stress, g;, that changes with time, t, according to the following parabolic law
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0 = Vgit?, 1)

where v; is a parameter which controls the change of the stress.
The strain in the model is written as

& = &qi T Epi, 2

where g,; is the linear strain in the linear spring and the linear dashpot (Fig. 1). The non-linear
strain, gg;, is presented as a sum of strain, &g, in the non-linear spring and strain, &gy;;, in the
non-linear dashpot

Epi = €pnsi T Epnii- (3)

First, the linear strain is derived. For this purpose, the stresses in the linear spring and linear
dashpot, a5; and oy;, are expressed as

Ogi = &qiEi, (4)
Opi = Eqillis (5)

where &,; is the first derivative of the g,; with respect to time. The equation of equilibrium of the
linear spring and linear dashpot is written as

O + O'nl' = 0j. (6)

By combining of (1), (4), (5) and (6), one obtains
Eqi + Hiai = pit?, )

where
E;
wi= 8
pi = % : ©)
The solution of differential Eq. (7) is written as

Eqi = Cre Mt + &, (10)

where C; is the integration constant, €,; is a particular solution. The initial condition and the
particular solution are expressed as

£qi(0) =0 (11)
and
i =Dt + Ht+ L, (12)
where D, H and L are constants. After performing some mathematical manipulations, one derives
. = @ — _Ilit:) & 2 _ %
£qi (1) pE (1 e )+ mt e t. (13)

The stress, g,,;, in the non-linear spring is related to the strain, gg,4;, through the following
non-linear relationship (Lukash 1978)

o i
Onsi = fnst ) (14)
qitTiEpnsi



Delamination of non-linear viscoelastic beams under bending in the plane of layers 301

h
2 X
- M
y _
2| |§ ES{
- b} LbZAF
b b
2 2

Fig. 2 Multilayered beam subjected to bending in the plane of layers

where g; and r; are material properties. Fig. 1 indicates that

Onsi = Oj- (15)
By combining of (1), (14) and (15), one obtains
vgit?q;
epnsi(t) = 12— (16)

The following non-linear relationship between the stress, a,,;;, and the first derivative of strain
with respect to time, £gy;, in the non-linear dashpot is used (Lukash 1978)

_ Epnu
Onii = pitfigpni’ (17)
where p; and f; are material properties.
It follows from Fig. 1 that
Onii = Oj. (18)
From (17) and (18), one obtains
Enii = Ty - (19)

By using of (1), and (19) and performing some mathematical transformations, one derives
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__p_it P, |1/ LTV f,t|
Sﬁ‘nli(t)— fi 2f \/Vm f, ‘\/Vm f, v, ‘ (20)

Finally, by combining of (1), (2), (3), (9), (13), (16) and (20), one obtains

Si(t): 20;52 _ej[it)'i‘ %i 20'i2 + %% _ pit pt ‘1+ oif
gt mu mut l-opr, f, 2f\/ ‘1

Formula (21) expresses the constitutive law of the non-linear viscoelastic model displayed in
Fig. 1. Due to the non-linear spring and the non-linear dashpot included in the model, the stress-
strain-time constitutive law (21) is non-linear. This constitutive law is used for describing of non-
linear viscoelastic time-dependent mechanical behaviour of the delaminated multilayered
inhomogeneous cantilever beam member displayed in Fig. 2.

The beam has an arbitrary number of longitudinal layers of different widths and material
properties. The width, height and length of the beam are denoted by b, h and [, respectively (Fig.
2). The beam is clamped in section, Q. A delamination crack is located between layers so as the
widths of the left-hand and right-hand crack arms are b; and b,, respectively. The length of the
delamnation crack is denoted by a. The layers exhibit continuous material inhomogeneity along
the length of the beam. Therefore, the material properties which are involved in the constitutive
law (21) vary continuously in longitudinal direction of the beam. The following exponential laws
are used for describing of the distribution of material properties in the i-th layer along the beam
length

(21)

E; = Eg;e %1, (22)
1 = o, (23)
q; = qoie?'T, (24)
n = 7’01'6‘9”% (25)
P = poie’?, (26)
fi = foieri, 27)
where

i=12,..,m, (28)

0<x<L (29)

In formulae (22)-(29), x is the longitudinal centroidal axis of the beam, m is the number of
layers, Eg;, Noi» Goi» Toi» Poi and fy; are the values of E;, n;, q;, 17, p; and f; at free end of the
beam, respectively. The parameters, gg;, gni, 9qi» 9ri» 9pi and gg;, control the variation of E;,
Noi» Goi» Toi» Poi @nd fy; in the i-th layer in longitudinal direction of the beam, respectively.

The beam is under conditions of bending in the plane of the layers. A bending moment, M, is
applied at the free end of the left-hand crack arm as shown in Fig. 2. Therefore, the right-hand
crack arm is free of stresses. The variation of the bending moment with time is described as

M = vt?, (30)
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Fig. 3 Cross-section of the left-hand crack arm

where v is a parameter that controls the loading.
A solution of the strain energy release rate for the delamination crack in Fig. 2 that takes into

account the non-linear viscoelastic behaviour is derived by analyzing the balance of the energy in
the beam structure. The balance is written as

M&p :%—géa+6h5a, (31)

where ¢ is the angle of rotation of the free end of the left-hand crack arm, U is the strain energy in
the beam, G is the strain energy release rate, da is a small increase of the crack length. From (31),

one obtains
Go1f Mo _Y | (32)
h oa oOa

The angle, ¢, is found by applying the integrals of Maxwell-Mohr. The result is
a |
Q= J. A X + I K, dX s (33)
0 a
where k; and k, are the curvatures of the left-hand crack arm and the un-cracked beam portion,
a < x <, respectively.
The following approach is used in order to determine k. First, the equation of equilibrium of
the elementary forces in the cross-section of the left-hand is written as

0,2,dz," (34)

N | T

M = Z (y1i+1 - yli)

i-1

N o
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where m; is the number of layers in the left-hand crack arm, y;; and y,;,, are the coordinates of
the left-hand and right-hand lateral surfaces of the i-th layer, o; is the stress in the layer, z; is the
vertical axis (Fig. 3), M is found by (30). The constitutive law (21) expresses the strain as a non-
linear function of stress. Therefore, o; that is involved in (34) can not be determined explicitly
from (21). This problem is solved here by expressing z; and dz; as functions of g;. The
boundaries of integration in (34) are changed as

i=m;

M = z (Y1i+1 - Y1i)_f 0;2,dz;, (35)
i=1 o
where ay,; and ay; are the stresses in the upper and lower surface of the i-th layer.
The distribution of the strains is expressed by applying the Bernoulli’s hypothesis for plane
sections since beams of high length to height ratio are under consideration in this paper. Thus, the
distribution of strains, ¢, in the left-crack arm is written as

&= KqZ;. (36)

From (36), one derives
&

Z; = —. (37)

Kq

The quantities, z; and dz,, which are involved in (35) are expressed in the following manner.
First, by using of (21) and (37), one obtains

1 20'- _ O; 20» qui pt pt ‘1+ o-i fi
7,==| i ll-e# )y L4 - I L : (38)
' Ky [ gt ( ) mis Mt l-oif; fi 2 fivoi f; ‘1_ Vo fi
From (38), the quantity, dz, is found as
dz, = ! % —e‘”it)+ L 22 T ~ +
Ky Mt mu mmt (L-or)
39
pit { 1 ‘1+\/Ui f; \/Tn } } (39)
+—= ——=n H+ do;.
2fi§ 20'? ‘1_ o fi o,(1-fo))

In order to determine the stresses, oy,; and ay;, the following equations are written by using
(21) and (36)

K(_Djz s (1—97”[)*' %u_ 20, ouh _ Pt __ Pt In|l+“%i fi|, (40)
' 2 '71:Ui3t2 s 77i:ui2t 1_O-iri fi 2fi\/o-,,,i fi ‘1_\/0-1/,1 f.‘

h 20y _ut) O4 204 040; p;t p;t ‘1+ Vo, fi
K-=——s - )+ o+ -+ In

2 mut mM mut l-oan f 21\ Jo,f, ‘1_\/0'49 f;
where i = 1,2,...,m;. Equations (35), (40) and (41) are solved with respect to ay,;, 0g; and k, by
using the MatLab computer program at various values of time.

Analogous approach is used to determine the curvature of the beam in the un-cracked portion
and the stresses at the upper and lower surfaces of the layers, oy,,; and a,4;, respectively. For this

. (41
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purpose, my, zy, 0y, 0g; and k4 are replaced with my, z,, gy, oue; and K, in Egs. (35), (40) and
(41) where z, is the vertical axis of the cross-section of the beam in the un-cracked portion. Then
the MatLab is used to solve Egs. (35), (40) and (41) with respect to gy, oye; and k, at various
values of time.

The strain energy that is involved in (32) is found as

U:U1+U2, (42)

where U; and U, are the strain energies in the left-hand crack arm and the un-cracked beam
portion, respectively. The quantity, U, is written as

U= (Vi = Ya)| [ ugxdz, 43)
i= 0 Oy

where u; is the strain energy density in the i-th layer, dz, is obtained by (39), a; and ay; are

determined from Egs. (35), (40) and (41).
In principle, the strain energy density can be found as

Ugi :.f o,de- (44)
0

However, in the case under consideration g; can not be determined explicitly from (21) since
(21) represents a non-linear function of o;. Therefore, u,; is written as

&

Uy = O;& —I gdo, - (45)
0
The strain energy cumulated in the un-cracked beam portion is found by applying (43). For this
purpose, my, zy, oy, 0g; and u; are replaced with m., z,, gyyi, ouei and ugy;, respectively
(ugyi IS the strain energy density in the i-th layer of the un-cracked beam portion). Besides, the
lower and the upper boundaries of integration along x_ are written as a_ and [, respectively.
By combining of (32), (33), (42) and (43), one derives

G= ﬁ{ M (i, =)= (Vara = Va )I:z‘,ml T Ugi0Z, + (Vi = Yo ):Z r UoyidZ, j } ’ (46)

il

i i=1l Oy

where y,; and y,;,, are the coordinates of the left-hand and right-hand lateral surfaces of the i-th
layer in the un-cracked beam portion. The curvatures, the stresses and the strain energy densities
involved in (46) are determined at x = a. The MatLab computer program is used to perform the
integration in (46). Expression (46) is applied to obtain the strain energy release rate at various
values of time.

The strain energy release rate is obtained also by using the complementary strain energy, U™, in
the beam member for verification. For this purpose, the strain energy release rate is written as

g-du (47)
dA
The increase of the crack area, dA4, is found as
dA = hda, (48)
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Fig. 4 Three-layered beam structure (a) with delamination between layers 1 and 2, (b) with delamination
between layers 2 and 3

where da is an elementary increase of the crack length. By using (47) and (48), one derives

du”
G=—ou 49
hda (49)

The complementary strain energy is obtained as
U*=U;+U;, (50)

where U5 and U; are the complementary strain energies cumulated in the left-hand crack arm and
in the un-cracked beam portion, respectively.
The quantity, U7, is written as

i=m, a o

U= _ (Vi = Va ).[ I Ug;dxdz, (51)

3

JiN

0 o,

where the complementary strain energy density,uy;, in the i-th layer is derived as

:]l gidgi . (52)

0

Ug,

The complementary strain energy in the un-cracked beam portion is found as

i=m I oy

UZZ (y2i+1 - Y2i)j _[ u;uidXdZZ’ (53)

=1

a oy,

where u,,; is the complementary strain energy density.
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Fig. 5 Variation of the non-dimensional strain energy release rate with non-dimensional time

By combining of (49), (50), (51) and (53), one obtains

1 i=m, O . i=m Oug .
G= h{ Z (Vi = Vi )J Uy dz, — (y2i+1 - yzi).[ UoyidZ, } ' (54)
i=1 oy i=1 Ouyi

where the stresses and complementary strain energy densities are found at x = a. Formula (54) is
used to determine the strain energy release rate at various values of time.

The integration in (54) is carried-out by using the MatLab computer program. The strain energy
release rates obtained by (54) are exact matches of these found by (46) which proves the
correctness of the analysis.

3. Parametric investigation

Parametric investigations are performed in this section of the paper. For this purpose,
calculations of the strain energy release rate are carried-out by applying (46).

It is assumed that b = 0.010 m, h = 0.015 m and v = 0.6 X 10~7 Nm/s?>. Two beam members
with three layers are considered in the parametric investigation in order to evaluate the effect of
delamination crack location along the width of the beam on the strain energy release rate (Fig. 4).
A delamination crack is located between layers 1 and 2 (Fig. 4(a)) and between layers 2 and 3
(Fig. 4(b)). The beams are clamped in section Q (Fig. 4).

First, the variation of the strain energy release rate with time induced by the non-linear
viscoelastic behaviour of the beam and by the change of the external bending moment with time is
investigated. The strain energy release rate is expressed in non-dimensional form by using the
formula Gy = G/(Ey,h). Fig. 5 displays the variation of the strain energy release rate with non-
dimensional time for the beam with crack located between layers 1 and 2 (the time is expressed in
non-dimensional form by using the formula ¢ty = tEy;/n01)- It can be found from Fig. 5 that the
strain energy release rate increases with time.
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Fig. 6 Variation of the non-dimensional strain energy release rate with gz, (curve 1 - for beam with
delamination between layers 1 and 2, curve 2 - for beam with delamination between layers 2 and 3)
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The variation of the strain energy release rate with gg, for the beam with crack located between
layers 1 and 2, and for the beam with crack between layers 2 and 3 is displayed in Fig. 6. The
curves in Fig. 6 indicate that the strain energy release rate is higher when the delamination is
between layers 1 and 2 (this due to fact that in this case the stiffness of left-hand crack arm is
lower). Fig. 6 shows also that the strain energy release rate decreases with increasing of gg,.

The influence of the change of g, in layer 1 along the length of the beam is analyzed too (this
change is characterized by g,4). Fig. 7 shows the variation of the strain energy release rate with
gqa for three a/l ratios. It can be observed in Fig. 7 that the strain energy release rate decreases
with increasing of g4,. The increase of a/I ratio leads also to decrease of the strain energy release
rate (Fig. 7).

The effect of g, and g, on the strain energy release rate is illustrated in Fig. 8. It can be
found from Fig. 8 that the strain energy release rate decreases with increasing of g, and g,;.
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Fig. 9 shows the variation of the strain energy release rate with g, at three gg,/gg, ratios.
One can observe in Fig. 9 that the strain energy release rate decreases with increasing of gg;.
Increase of g5, /g1 ratio also induces decrease of the strain energy release rate (Fig. 9).

The influence of g,,/g41 and g,»/gr1 ratios on the strain energy release rate is shown in Fig.
10. One can observe that the strain energy release rate decreases with increasing of g,,/9g4: and

9r2/9r1 ratios (Fig. 10).

4. Conclusions

An approach for analyzing of delamination in non-linear viscoelastic multilayered beam
structures subjected to bending in the plane of the layers is presented. The strain energy release
rate derived here takes into account the non-linear viscoelastic behaviour, the change of the
external loading on the beam with time and the material inhomogeneity (the layers exhibit
continuous material inhomogeneity in longitudinal direction and as a result of this the material
properties are functions of the longitudinal coordinate, x). In order to verify the solution, the strain
energy release rate is found also by using the complementary strain energy in the beam structure.
Solutions are used to perform parametric investigations. It is found that the strain energy release
increases with time. The investigation reveals also that the strain energy release rate decreases with

increasing of gg1, gq1, 9r1, gp1 and gr1. The increase of ggz/ge1, 9q2/9q1 and gr2/gr1 ratios
leads also to decrease of the strain energy release rate. The analysis developed in this paper
contributes to the understanding of the time-dependent delamination behaviour of non-linear
viscoelastic multilayered inhomogeneous beams subjected to bending in the plane of the layers.
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Nomenclature

Q IS ™ N%R:Q”ﬁQESEN}Q QN masST 9 x>

crack area

crack length

beam width

integration constant

modulus of elasticity

material property describing the non-linear viscoelastic behaviour
strain energy release rate

parameter controlling the distribution of material properties along the beam length
beam height

beam length

bending moment

number of layers

material property describing the non-linear viscoelastic behaviour
material property describing the non-linear elastic behaviour
material property describing the non-linear elastic behaviour
time

strain energy

strain energy density

longitudinal axis

horizontal centric axis

vertical centric axis

strain

angle of rotation

coefficient of viscosity

beam curvature

stress
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