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Abstract. This work presents a comparative study between two different models: trapezoidal and T-shaped
combined footings. The comparative study between trapezoidal and T-shaped combined footings presented in this
paper generates results that have an unparalleled accuracy for all foundation engineering problems. The main part of
this research is to obtain the optimal area, reinforcing steel, and thickness of the trapezoidal and T-shaped combined
footings using the new models. The comparison is made for two trapezoidal combined footings and two T-shaped
combined footings of reinforced concrete subjected to the same load. The main findings are: the model for trapezoidal
combined footings can be used for rectangular and triangular, and the T-shaped combined footings can be used for
rectangular. The structure of the paper is as follows first a very complete state of the art with extensive references that
describes the methodology used for the different models clearly, presents different numerical examples, results and at
the end conclusions.

Keywords: bending shear; design; moments; optimal area; punching shear; T-shaped combined footings;
trapezoidal combined footings

1. Introduction

The main feature of the footings or foundations is to transmit the load on the ground. The most
suitable type of footing is chosen depending of the depth at which the ground resistance layer is
localized to support the structure, the ground condition and the type of structure that must be
supported. Foundations are divided into shallow and deep, these account with differences important:
in geometry function, the soil behavior, its construction systems, and its structural functionality type
(Luévanos-Rojas 2014, 2015b, 2016).

Shallow foundations may be isolated footings (a column), combined footings (two or more
columns), strip footings (walls), and rafts or foundation slabs (entire building). The isolated footings
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Fig. 1 Pressure distribution diagram; (a) Sandy soils (granular soils); (b) Clayey soils (cohesive
soils); (c) Distribution simplified

are classified in square, rectangular, and circular. The combined footings are divided into
rectangular, trapezoidal, and T-shaped (Luévanos-Rojas 2015b).

Designs of shallow foundations according to the application of the loads are classified in: 1)
Footings with concentric load; 2) Footings with uniaxial bending; 3) Footings with biaxial bending
(Luévanos-Rojas 2015b).

The soil pressure under a footing is distributed in accordance with the soil type, the soil relative
rigidity and the foundation, and the depth of the contact between foundation and soil. Fig. 1(a) shows
the pressure distribution diagram for the footing resting on sandy soils (granular soils). Fig. 1(b)
presents the pressure distribution diagram for the footing resting on clayey soils (cohesive soils).
Thus, it is assumed for simplicity that the footing is a perfectly rigid body, the soil is behaving
elastically and the distributions of the stress and the strain are linear in the soil below the base of the
footing. Therefore, the proposed design assumes that the soil pressure is distributed linearly. The
distribution of soil pressure is uniform, if the footing centroid coincides with the resultant force of
the loads applied on the footing (see Fig. 1(¢)) (Luévanos-Rojas 2014, 2015b, Luévanos-Rojas et al.
2017b).

Practice construction of a combined footing can be used for more of a column due to: 1) If the
columns are located very close to each other (for example, on elevators and escalators); 2) If the size
of the footings can be restricted by some property line. If a column located in the footing edge
generates an eccentricity on the footing, but, the footing can be attached to the footing of an inner
column, and as result a combined footing is obtained.

The traditional model for the design of combined footings by rigid method considers the
following (Luévanos-Rojas et al. 2017b): 1) The footing or foundation slab is infinitely rigid, and
therefore, the deflection of the footing or foundation slab is not influenced in the pressure
distribution; 2) The ground pressure distribution must be in straight line or a plane surface such way
that the ground pressure centroid must located in the action line of the resultant force (longitudinal
axis) of all the loads that act on foundations; 3) The minimum stress is limited to zero, because the
ground cannot to support tensile stresses; 4) The maximum stress is limited to the soil allowable
load capacity.

Main works of various researchers in recent years on the foundation structures or structural
footings are: Guler and Celep (2005) developed the system of plate-column of rectangular shape on
the Winkler foundation with tension-less under static and dynamic loads. Wang and Kulhawy (2008)
developed the economic design optimization of foundations. Chen et al. (2011) presented a study on
elastic foundations of nonlinear vibration for hybrid composite plates. Smith-Pardo (2011) showed
the framework based on the performance for soil and structure systems by means of foundation
models simplified rocking. Shahin and Cheung (2011) proposed the bearing capacity for strip
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footings by means of stochastic design charts. Khajehzadeh et al. (2012) studied the optimal design
for shallow foundations by means the gravitational search algorithm. Rad (2012) investigated elastic
foundations with compound loads and gradient thickness to evaluate the static response for a circular
plate of 2-D functionally graded. Maheshwari and Khatri (2012) showed the geosynthetic layer
inclusion influence on combined footings response on earth beds reinforced with a stone column.
Orbanich et al. (2012) investigated the concrete foundation beams on the strengthening and repair
with fiber composite materials. Mohamed et al. (2013) studied the generalized equation of
Schmertmann for shallow footings using saturated and unsaturated sands to obtain the settlement.
Orbanich and Ortega (2013) analyzed the plates of elastic foundation by means of finite differences
method using internal and perimetric reinforcing beams supported on elastic foundations. Luévanos-
Rojas (2014) designed the combined footings of rectangular shape to solve the problem of propriety
line using a novel model. Hassaan (2014) proposed an optimal design of machinery shallow
foundations with sand soils. Luévanos-Rojas (2015a) shows a new mathematical model to find the
size of the boundary trapezoidal combined footings, this article presents the equations to obtain the
more economical dimensions for trapezoidal combined footings, and it is considered that the
resultant force is placed at the gravity center on the “X” axis of the area of the footing, then the
moment around the “X” axis does not exist (therefore, optimal area is not presented). Luévanos-
Rojas (2015b) proposed a novel model for the design of combined footings with limit on one of its
sides of trapezoidal shape; this paper also considers that the resultant force is placed at the gravity
center in the direction “Y” of the footing area, i.e., the resultant force is located on the “X” axis.
Uncuoglu et al. (2015) estimated the load capacity of the square footings on a layer of sand that
overlaps to the clay. Sahoo and Kumar (2015) presented a study for strip and circular shallow
foundations on the ultimate bearing capacity by means of the finite elements, limit analysis, and
optimization. Luévanos-Rojas (2016) presented a comparison between two novel models for the
design of the isolated footings of rectangular and circular type, and the results shown that the circular
footings are more economical. Dagdeviren (2016) analyzed the stresses below of the rectangular
footings subjected to biaxial bending on an elastic soil. Rezaei et al. (2016) studied the thin-walled
shallow foundations bearing capacity: an experimental study by means of the artificial intelligence.
Lopez-Chavarria et al. (2017) showed the optimal dimensioning for the corner combined footings.
Luévanos-Rojas et al. (2017a) proposed a model optimized for the design of the isolated footings
that have rectangular shape taking into account the real soil pressure. Khatri ef al. (2017) studied the
behavior of the pressure and the settlement of skirted footings (square and rectangular) resting on
sandy soil. Anil et al. (2017) investigated experimentally and analytically the bearing capacities and
settlement profiles of six irregularly shaped footings located on sand. Luévanos-Rojas et al. (2017b)
showed a comparison between two novel models for the design of the combined footings that have
trapezoidal and rectangular shape, and the results indicated that the trapezoidal footings are more
economical. Mohebkhah (2017) investigated the load capacity for the strip footings on a stone
masonry trench in clay. Maheshwari (2017) analyzed the combined footings that rest on an
extensible geosynthetic reinforced granular bed on stone column in improved soils. Gandomi and
Kashani (2018) used the recent swarm intelligence techniques to estimate the construction minimum
cost of the shallow foundation. Hadzalic et al. (2018) developed a numerical model for the fluid-
structure interaction between structure constructed of porous media and acoustic fluid. Rawat and
Mittal (2018) studied the optimal design for reinforced concrete isolated footings with eccentric
load. Luévanos-Rojas et al. (2018a) presented a new model for T-shaped combined footings to obtain
the optimal area of the contact surface on the soil. Luévanos-Rojas et al. (2018b) proposed a new
model for T-shaped combined footings to obtain the thickness and reinforcing steel area of the
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footing. Zhang et al. (2019) investigated the bearing behavior of reinforced concrete column isolated
footing substructures. Turedi et al. (2019) carried out twenty tests in geotechnical laboratory and
analyzed numerically by the finite element method to obtain the load-settlement and vertical stress
of the ring footings on the loose sand bed. Hadzalic et al. (2020) analyzed a 3D lattice model for a
thermohydro mechanically coupled discrete beam of a structure constructed by non-isothermal
saturated poroplastic medium subjected to mechanical loads and nonstationary heat transfer
conditions. Al-Abbas et al. (2020) presented an experimental study for elastic deformation under
isolated footing. Luat ef al. (2020) applied the artificial neural networks to predict settlement in
shallow foundations resting on sandy soils. Mejia-Nava et al. (2021) proposed an alternative to the
Raleigh equation to obtain the contributions of damping effects of concrete structures by
computational methods through multiscale approach. Ibrahimbegovic and Mejia-Nava (2021)
developed a damped model to accurately predict the vibration amplitude reduction for any size of
structure of multi-scale analysis in a framework.

Thus, there is not paper on the topic with the level of current knowledge on a comparative study
between trapezoidal combined footings and T-shaped combined footings.

This article presents a comparative study between trapezoidal and T-shaped combined footings,
these models consider that soil support layers are elastic and the rigid footing, which comply with
the biaxial bending equation, i.e., the pressure diagram presents a linear variation. The methodology
of the two footings is presented in two parts: the first is the optimal dimension to obtain the sides of
the footing, and the second is the design to obtain the thickness and reinforcing steel area of the
footing. The model normally used considers that the resultant force is placed at the center of gravity
in the “Y” direction of the footing area, i.e., the resultant force is located on the “X” axis (transverse
axis). This investigation considers that the footing contact area with the soil is subject to compression
on entire base. The comparison is made for two trapezoidal combined footings and two T-shaped
combined footings of reinforced concrete subjected to the same load. The first case considers a
restricted side (a property line), and the second case takes into account two opposite restricted sides
(two property lines).

2. Methodology
2.1 General principles for footings

The two models consider that the footing contact area with the soil is subject to compression on
entire base, i.e., the resultant force of all axial loads and moments is located in the central core of
the footing.

The equations for the trapezoidal and T-shaped combined footings subjected to a vertical axial
load and two orthogonal moments due to each column are presented in a simplified way, and the
effects of lateral loads that could occur in the footings are considered at the moments.

The critical sections for footing that supports a reinforced concrete column according to the
construction code are:: 1) For the moment occurs on the column face; 2) For the bending shear
occurs at a distance “d” from the column face; 3) For the punching shear is located on “b,” (critical
section perimeter that is locate at a distance “d/2” from the column face in both direction) (ACI 318-
14).

The general equation to obtain the stress anywhere under biaxial bending is (Luévanos-Rojas
2014, 2015a, b; Luévanos-Rojas et al. 2017a, b)
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Fig. 2 Trapezoidal combined footing
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where: o=stress generated by the ground anywhere of the footing (soil pressure), 4=area in plant of
the footing (contact surface on the soil), P=concentric load on the footing, M\=moment around the
“X” axis, M,=moment around the “Y” axis, x=distance measured from the “Y” axis in the direction
“X” to the point in study, y=distance measured from the “X” axis in direction “Y” to the point in

study, /,=moment of inertia around the “Y”” axis and /;=moment of inertia around the “X”* axis. The
moments (M, and M,) in the clockwise direction are positive.

2.2 Trapezoidal combined footings

Fig. 2 shows a trapezoidal combined footing that supports two rectangular columns of different
dimensions, a column located on the property line and another column located on the inside of the
construction under an concentric load and moments around of the “X” and “Y” axes (biaxial
bending) due to each column.

The stresses in each vertex of the trapezoidal combined footing by Eq. (1) are obtained

_ E_I_ MyrCyy  Myrby

EAT T 21, @)
R MxTCyl MyTbl

A TS ®)
R MyC M,rb

O3 =—— xT%“y2 yTv?2 (4)
A 21,
R M,C M,rb

0_4 - _ xT%y2 _ yTv2 (5)

A I 21,

where: R=resultant force of the loads P; and P,, M, ;=resultant moment about the X axis,
M, r=resultant moment about the Y axis, and a1, 02, 03, g4=stresses generated by the ground on the
footing as seen in Fig. 2.
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The mechanical elements that act on the footing are obtained as follows
R=P, +P,

Myr = Myy + My + Py (Cya —62—1) — Py (L +%— Cy1)

MyT = Myl + Myz

The geometric properties of the trapezoidal section of the footing are

b
4= a(by + by)
2
c _ a(bl + sz)
v 3(by + by)
_a(2by + by)

Y27 3(by + by)

- a®(b,® + 4byb, + b,?)
X 36(b; + by)

L a(by + by)(b* + b,?)
Y 48
The geometry conditions are
o] 3
ZrL+2<
5 +L+ > = a

2.2.1 Optimal dimensions

The objective function to minimize the contact surface of the footing “4,” is

a(b, + b,)
=g

(6)
(7)
(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

Substituting Eqgs. (9)-(13) into Egs. (2)-(5) to obtain the stresses of the trapezoidal combined
footing in each vertex (footing corners), and substituting the Eq. (10) into Eq. (7) to obtain M,r in

function of the footing sides, and the generalized constraint functions are obtained

R:P1+P2
a(by +2b,) ¢
Myr = R|——+— —| 4+ My + My, — P,L
xT [ 3(b1 + bz) 2 x1 x2 2

MyT = Myl + Myz

2R 12M,r(by + 2by) 24My7b,

o = + +
! a(bl + bZ) az(blz + 4‘b1b2 + bzz) a(bl + bz)(blz + bzz)

(16)

(17)

(18)

(19)
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Fig. 3 Critical sections for moments
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—+L+=< 24
> + L+ > S a (24)

where: g.um—=available permissible load capacity of the soil.
The constant parameters are: Pi, Mxi, My1, P2, Mo, My, ci, ¢2, €3, Ca, L, 0uam, and the decision
variables are: Myr, Myr, R, a, b1, bs, A, 01, 02, 03, 04

2.2.2 Design

Critical sections for moments occur in the axes: ai’-ai’, a2’-a2’, b’-b’, ¢’-c’, d’-d’ and e’-¢’ (see
Fig. 3).

Equations for the factored moments on the axes ai’-a:’, a2’-a2’, b’-b’, ¢’-¢’, d’-d’ and e¢’-¢’ are
Py1lcz? — (by + by1)cy + bibyg] 3Py (wy — 01)(b12 - b112)(b1 7))

4(b1 + bll) 8W1(b12 + 4‘b1b11 + bllz)
Muy1€2(cz2 - b12 — bybyy — b112) Muylblbll
(by + b11)(b12 + b112) (b12 + b112)

Myq, =
(25)
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where the analysis width in the section of the a;’-a;” axis is: wy = ¢ + d /2.

Pyolcy — (byy + byp)cy + byibyy]  3Pyp(wy — C3)(b212 - bzzz)(bm —C4)

M. .=
s 4(by; + byz) 8w, (b212 + 4b,1b,y; + bzzz) (26)
Muy2C4(C4-2 - b212 — byybyy — bzzz) Muy2b21b22
(ba1 + by2) (ba1” + by,?) (ba1® + by,?)

where the analysis width in the section of the a»’-a»” axis is: w, = ¢3 + d. The values of P, and
P, are the factored loads acting on the footing, M, and M,,, are the factored moments acting on
the footing, wi and w, are the widths of the analysis surface under the columns in the longitudinal
direction (“Y” axis), the values of bi1, b2; and by, are the widths in the transverse direction, these
are: wy=c¢+d/2; wy =c3+d; byy =by —wy(by —by)/a; byy =by — (L+c¢1/2—w,/
2)(b; — by)/a; byy = by — (L + ¢y /2 +w,/2)(by — by)/a. If column 2 is located on the limit of
the footing, the following must be considered: w, = c3 +d/2;by; =by — (L +¢1/2 +¢c3/2 —
wy)(by — by)/a; byy = b,.

The general equation of factored moments around the X-X axis for the interval: C-L-
c1/2<y<Cyi1-c1/2.

a = Mur (b = b)) (" —261y* +261°y = Cn*) | Maarhi (26,1° +7° ~36,1°y)
ux 121a 61,
n Rubl(cyl - J’)Z _ Pul(ZCyl —C— 2)’) n Ry (by — bz)(y - Cy1)3 _

24 2 6Aa W
where: M., is factored resultant moment around the X-X axis that act on the footing, R, is the
resultant force of the factored loads acting on the footing, M, and M,» are factored moments around
the X-X axis that act on the columns 1 and 2. The analysis width in the section of the 5’-b’ axis is:
by, = by —c;(by — by)/a. The analysis width in the section of the ¢’-¢’ axis is: b, = b; —
(Cyl - ym)(bl — by)/a (ywis distance where the shear force is zero measured from “X” axis). The
analysis width in the section of the d’-d’ axis is: by = by — (2L + ¢; — ¢3)(b; — by)/2a.

The general equation of factored moments around the X-X axis for the interval: C,1-a<y<C,-L-
C1/2

(27)

_ My (by = b) (v ~ 261y* +261°y — C1") | Muxrbn(26,4° +7° = 3G,1%y)

ux 121,a 61,
2 3
JRubi(Cn=y) Ru(Cn—c=2y) Rubi=b)(y=Cn) (@8
24 2 6Aa uz
- Muxl - Muxz

where: the analysis width in the section of the ¢’-¢’ axis is: b, = b; — (2L + ¢; + ¢3)(by — by)/2a.
Substituting “y=Cyi-¢1” into Eq. (27) is obtained M. Now, Eq. (27) is derived, and it must be equal
to zero to obtain the position of the maximum moment “y,,”, and substituting “y,,”” into Eq. (27) is
obtained M, Substituting “y=Cyi-¢i/2-L+c3/2” into Eq. (27) is obtained M,.. Now, substituting
“y=Cyi-c1/2-L-¢c3/2” into Eq. (28) is obtained M,

Critical sections for bending shear occur in the axes: fi’-fi’, f2’-f2°, g’-g’, h’-h’ and i’-i’ (see Fig.
4).

Equations for factored bending shear on the axes fi’-f1’, f2’-f>’, g’-g’, h’-h’ and i’-i’ are
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CGF

Fig. 4 Critical sections for bending shear

My [6(c; +2d)? — 2(by* + bybyy + by1?)] N P,1(2c, +4d — by — byy)

Vuflr B (by + b11)(b12 + b112) 2(by + b1) (29)
3[2Myxq + Py (wy — Cl)](b12 - b112)
B 4wy (by? + 4byby + by12)
where the analysis width in the section of the fi’-fi” axis is: by, = wy = ¢; +d/2.
Vo= My, [6(04 +2d)* - 2(b212 + by1by; + bzzz)] Py2(2c4 +4d — byy — byy)
ufa (bay + by3) (bay? + bay?) 2(by1 + bz2) 30)

3[2Myxp + Pyp(wy — 03)](b212 - bzzz)
4w, (bay® + 4by1bys + byy?)

where the analysis width in the section of the f2’-f2" axis is: by, = w, = ¢35 +d.

[

The general equation of the factored shear force at a distance “y” on an axis parallel to X-X axis
for the interval: Cyi-L-¢1/2<y<Cyi-ci/2.

My yr(by — bz)(Cy13 - }’3) MuxT[abl - Cyl(bl - bz)](cy12 - }’2)
Vuy =Py — -
3l.a 2la
) 5 (31)
_ Ru[ab1 - Cyl(bl - bz)](cy1 - Y) _ Ry (b; — bz)(Cy1 -y )
Aa 2Aa
where the analysis width in the section of the g’-g” axis is: by = by — (¢; + d)(b; — by)/a. The
analysis width in the section of the #’-/’ axis is: by = b; — (2L + ¢, — c3 — 2d)(by — b,)/2a.

[

The general equation of the factored shear force at a distance “y” on an axis parallel to X-X axis
for the interval: Cyi-a<y<C,i-L-c1/2.
My 7 (by — bz)(Cy13 - 3’3) _ MuxT[abl - Cyl(bl - bz)](cylz - yz)
3la 2la (32)
_ Ru[ab1 - Cyl(bl - bz)](cy1 - Y) _ Ry (by — bz)(Cy12 - yz)
Aa 2Aa

Vuy=Pu1+Pu2_
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Fig. 6 T-shaped combined footing

where the analysis width in the section of the i’-i” axis is: b; = by — (2L + ¢y + ¢c3 + 2d)(b; —
b,)/2a.

Substituting “y=C,i-ci-d” into Eq. (31) is obtained V4. Substituting “y=C,1-¢1/2-L+c3/2+d” into
Eq. (31) is obtained V.s-. Now, substituting “y=C,i-c1/2-L-c3/2-d” into Eq. (32) is obtained V.

Critical section for punching shear is shown on the formed perimeter by points 5, 6, 7 and 8 for
boundary column, and points 9, 10, 11 and 12 for inner column (see Fig. 5).

Equations for factored punching shear for boundary column “V,,,” and inner column “V,,,,” are

[Ruly + MyyrA(Cyy — ¢1/2 — d/4)](c; + d)(c; +d/2)

i (33)

Vupl =Py —

[Ruly + MyyrA(Cyy — L — ¢1/2)](cq + d)(c3 + d)
Al

If the column 2 is boundary column, then the equation is similar to Eq. (33).

(34)

Vupz =Py —
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2.3 T-shaped combined footings

Fig. 6 shows a T-shaped combined footing that supports two rectangular columns of different
size, a column located on the property line and another column located on the inside of the
construction under an concentric load and moments around of the “X” and “Y” axes (biaxial
bending) due to each column.

The stresses in each vertex of the T-shaped combined footing by Eq. (1) are obtained

_ B MxTYs MyTa

o= I + W (35)
R (3)
03 = % + MxT(};‘; — b Igy;;a (37)
04 =+ 2T (ylx —h) sz;ybz (38)
o5 = % i 2o (yli ) _ sz;ybz (39)
06 = % 4 2 (yli ) _ A/;ylza (40)
== T (@)
L (42)

where: R=resultant force of the loads P: and P,, Myr=resultant moment about the X axis,
Myr=resultant moment about the Y axis, and a1, 02, 03, 04, 05, 06, 07, o8=Stresses generated by the
ground on the footing as seen in Fig. 6.

The mechanical elements that act on the footing are obtained as follows

C2 C2
Myp = My + Moy + Py (75 == ) = P2 (L + 5 = ) (44)
MyT = Myl + Myz (45)

The geometric properties of the T-section are
A = (a - bZ)bl + bbz (46)



244 Marylu Garcia-Galvan et al.

_ (a—b))b* +b2b,

= 47
% 7 2[a = bo)by + bb,] “n
— — 2
- (2b — by)(a — by)by + b%b, “8)
2[(a — by)b; + bb,]
L= a?by* + by (b — by)* + 2ab; b, (b — b;)(2b? — bby + b, %) (49)
x 12[(a — b,)by + bb,]
3 _ 3
- bya3 + (b — by)b, (50)
12
The geometry conditions are
C2 Cy
= =<
> +L+ > = b (51)

2.3.1 Optimal dimensions
The objective function to minimize the total area of the contact surface “A;” is (Luévanos-Rojas
et al. 2018a)
At = (a - bZ)bl + bb2 (52)

Substituting Egs. (46)-(50) into Egs. (35)-(42) to obtain the stresses of the T-shaped combined
footing in each vertex and substituting Eq. (47) into Eq. (44) to obtain Myr in function of the footing
sides, and the generalized constraint functions are obtained

R[(a — by)b,* + b?b,| Rc,
M, = My, + My, ——=— P,L 54
T = l@=byb, +bby] |t M5 (4)
MyT = Myl + Myz (55)
6M,r[(a — by)by” + b?b,| N 6M,ra
o4 =
Y7 a2by* + 2ab,by (b — by)(2b% — bby + by2) + b2 (b — by))*  bya® + (b — by)b,’ (56)
R
t @ =b)b, + bb,
6M,r[(a — by)by” + b2b,| 6M,ra
o, = -
27 a2by* + 2aby by (b — by)(2b% — bby + by2) + by2(b — b))*  bya® + (b — by)b,° (57)
R
* @ =b)b, + bb,
6M,r[(b — by)%b, — ab,?] 6Myra
03

= +
a2by* + 2abyby(b — by)(2b% — bby + by ) + by*(b — by)*  bya® + (b — by)b,® (58)
R

+
(a — by)by + bb,
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o 6M,r|(b — by)?b, — ab,?] s 6M,,rb,
* 7 a2b,* + 2ab by (b — by)(2b2 — bby + by %) + b2 (b — b)*  byad + (b — by)b,’ (59)
R
@ = b)b, + bb,
o 6M,r|[(b — by)?b, — ab,?] ~ 6M,,rb,
® 7 a2by* + 2abyby(b — by)(2b2 — bby + by2) + by (b — b)*  bya® + (b — by)b,’ (60)
R
@ b,)b, 1 bb,
6M,r[(b — by)?b, — ab,?] 6Myra
O¢

" a2by* + 2ab,by (b — by)(2b% — bby + by %) + by* (b — by)* " bya® + (b — by)b,’ (61)
R

= b,)b, + bb,
6Myr[(2b — by)(a — by)by + b?b,]

0; = —
7 aZby* + 2ab;by (b — by)(2b% — bby + by2) + by (b — by)* 62)
N 6M,7b, s R
bya3 + (b — by)b,>  (a—by)b; + bb,
o = — 6M,r[(2b — by)(a — by)b; + bb;,]
8 a2b,* + 2ab,b,(b — by)(2b2 — bb, + by ) + by2(b — by)*
(63)
6M,7b, s R
bia® + (b — by)b,®> (a—by)by + bb,
0]
03
0<A« g.-: r < Oadm (64)
Os
a7
\og/
Cy Cy
ZiL+=<bh 65
St Lt < (65)

where: oagm=available permissible load capacity of the soil.
The constant parameters are: P1, My1, My1, P2, Myx2, My, C1, C2, C3, Cs4, L, 0adm, @and the decision
variables are: Myr, My, R, @, b, by, b2, Ay, a1, 02, 03, 04, 05, 06, 07, O8.

2.3.2 Design

Critical sections for moments occur on the axes: a’-a’, b’-b’, ¢’-¢’, d’-d’, e’-e’, f’-f” and g’-g’
(see Fig. 7).

Equations for the moments on the axes a’-a’, b’-b’, ¢’-¢’, d’-d’, e’-e’, - and g’-g’ are
(Luévanos-Rojas et al. 2018b)
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Fig. 7 Critical sections for moments

B [Pu1a?® + 2M,,51 (2a + ¢1)](a — ¢;)?

Myy = 53 (66)
where the analysis width in the section of the a’-a” axis is: w; = ¢, + d/2.
[Puzbz2 + 2My,y,(2b, + C3)](b2 - c3)?
ub” = (67)

8b,>

where the analysis width in the section of the b’-b’ axis is: w, = ¢, + d. The values of P,1 and Py,
are the factored loads acting on the footing, My and M.y, are the factored moments acting on the
footing, w: and w; are the widths of the analysis surface under the columns in the longitudinal
direction (“Y” axis).

The general equation of factored moments around the X-X axis for the interval: ys-b1<y<ys-Ca/2.

_ MuxTa(2y53 + }/3 - 3ysz3’) Rua(YS - y)z Pul(zys —C— Zy)
Mz = 61, + 24 - 2 B

where the analysis width for this interval is: a.
The general equation of factored moments around the X-X axis for the interval: ys-(L+C2/2)<y<ys-

Mz (68)

b.
" = Msrlays® (2ys — 3y) + byy® + (a — by) (Vs — b1)*(By — 2y, + 2b,)]
ux = 61,
+ Rylaby(2ys — 2y — by) + by (y — ys + b1)?] _ Py (2ys — c; — 2y) (69)
24 2

- Muxl
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where the analysis width for this interval is: b..
The general equation of factored moments around the X-X axis for the interval: ys-b<y<ys-
(L+c2/2).

M. = Ru[bzyz + abl(ZYS -2y — bl) + bz(}’s B bl)()’s — b, — ZY)]
ux —

24
n MuxT[b2y3 + a}’sz(z}’s = 3y)—(a—b)(ys — b1)2(2ys —2b; — 3y)]
6l,

- ulL - Muxl - Muxz

(70)

_ Ru(zys - Zy —2L— CZ)
2

where the analysis width for this interval is: b..

Substituting “y=ys-c,” into Eq. (68) is obtained M. Now, Eq. (68) is derived, and it must be
equal to zero to find the position of the maximum moment “y” (if it falls within the range ys-b:<y<ys-
C2/2), and substituting “yn” into Eq. (68) is obtained Mye~. Substituting “y=ys-b:” into Equation (68)
or Eg. (69) is obtained Myg-. Substituting “y=ys-C2/2-L+c4/2” into Eq. (69) is obtained My+. Now, EQq.
(69) is derived, and it must be equal to zero to obtain the position of the maximum moment “yn,” (if
it falls within the range ys-Co/2-L<y<ys-b1), and substituting “yn” into Eq. (69) is obtained M.
Substituting “y=ys-C2/2-L-c4/2” into Eq. (70) is obtained Myg-.

Critical sections for bending shear occur on the axes: h’-h’, i’-i”’, j>-j’, k>-k’, I’-I” and m’-m’ (see
Fig. 8).

Equations for factored bending shear on the axes h’-h’, i’-i”’, j’-j’, k’-k’, I’-I’ and m’-m’ are

(Luévanos-Rojas et al. 2018b)

Fig. 8 Critical sections for bending shear
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[Py1a? + 3Myy1(a + 1 + 2d)]|(a — ¢; — 2d)

where the analysis width in the section of the h’-h’ axis is: w; = ¢, + d/2.
Vui, —_ [Puzbzz + 3Muy2(b2 + C3 + Zd)](bz —C3 — Zd) (72)

2b,°

where the analysis width in the section of the i’-i’ axis is: w, = ¢, + d.
The general equation of the factored shear force at a distance “y” on an axis parallel to X-X axis
for the interval: ys-b1<y<ps-Co/2.

Rya(ys —y) _ 1\/quTa(3’s2 - yz)
A 21,

where the analysis width for this interval is: a.
The general equation of the factored shear force at a distance “y” on an axis parallel to X-X axis
for the interval: ys-L-Co/2<y<ys-b:
_ Rylaby + by(ys —y — b))l Myxr{ab; (2ys — by) + by[(ys — by)? — y21}
Viy = Pyy — - (74)
A 21,
where the analysis width for this interval is: b..
The general equation of the factored shear force at a distance “y” on an axis parallel to X-X axis
for the interval: ys-b<y<ys-L-Co/2.

Myyr{aby (2ys — by) + by [(ys — b1)* — y*1}
21,
Rylaby + by (ys —y — by)] (75)
A

where the analysis width for this interval is: b..

Substituting “y=ys-c,-d” into Eq. (73) (if the j axis falls within the range ys-b1<y<ys-C2/2) or into
Eq. (74) (if the j axis falls within the range ys-L-C2/2<y<ys-b) is obtained Vy;-. Substituting “y=ys-b;”
into Eq. (73) or Eq. (74) is obtained V. Now, substituting “y=ys-C2/2-L+c4/2+d” into Eq. (74) is
obtained V. Substituting “y=ys-C/2-L-c4/2-d” into Eq. (75) is obtained Vum.

Critical section for punching shear is shown on the formed perimeter by points 9, 10, 11 and 12
for boundary column, and points 13, 14, 15 and 16 for inner column (see Fig. 9).

Equations for factored punching shear for boundary column “Vyx” and inner column “V,,” are
(Luévanos-Rojas et al. 2018b)

[Ruly + My A(ys — c2/2 — d/4)](c; + d)(c, + d/2)
Al,

(73)

Vuy:Pul_

Vuy=Pu1+Pu2_

Vupt = Pus — (76)

[Ruly + MyyrA(ys — L — c2/2)](c5 + d)(cs + d)
Al
If the column 2 is boundary column, then the equation is similar to Eq. (76).

Vupz =Py - (77)

3. Numerical problems
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Fig. 9 Critical sections for punching shear

Design of two trapezoidal combined footings and two T-shaped combined footings of reinforced
concrete under the same load conditions that supports two square columns (see Figs. 2 and 6). The
first case is considered a restricted side (one property line), and the second case is taken into account
two opposite restricted sides (two property lines). The data for design are: columns 1 and 2 are of
40x40 cm, L (center-to-center distance between the two columns)=6.00 m, H (depth of the
footing)=1.5 m, Mp,i (moment of dead load around the “X-X" axis of the column 1)=80 kN-m, M
(moment of live load around the “X-X" axis of the column 1)=60 kN-m, Mp,; (moment of dead load
around the “Y-Y” axis of the column 1) =120 kN-m, M}, (moment of live load around the “Y-Y”
axis of the column 1) =80 kN-m, Pp; (dead load of the column 1) =700 kN, P;; (live load of the
column 1) =500 kN, Mp,, (moment of dead load around the “X-X" axis of the column 2) =60 kN-
m, Mo (moment of live load around the “X-X" axis of the column 2) =40 kN-m, Mp,> (moment of
dead load around the “Y-Y” axis of the column 2) =80 kN-m, M},» (moment of live load around the
“Y-Y” axis of the column 2) =60 kN-m, Pp> (dead load of the column 2) =600 kN, P;> (live load of
the column 2) =400 kN, f”. (specified compressive strength of concrete at 28 days) =21 Mpa, f,
(specified yield strength of reinforcement of steel)=420 Mpa, q. (allowable load capacity of the soil)
=250 kN/m?, y. (concrete density) =24 kN/m?, y, (soil fill density) =15 kN/m?, r (coating of the
footing) =8 cm.

The available permissible load capacity of the soil “omax” is obtained as follows, at the allowable
load capacity of the soil “g,” is subtracted from the weight of the footing (y. by the thickness of the
footing) and the weight of the soil fill (y; by the thickness of the filling).

The loads and moments that act on the soil are: P1=1200 kN, M,;=140 kN-m, M,;=200 kN-m,
P>=1000 kN, M»,=100 kN-m, M,»=140 kN-m.
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Table 1 Optimal area of the two cases and the two footings

Concent Trapezoidal combined footing T-shaped combined footing
P Case 1 Case 2 Case 1 Case 2
Omax
(KN/m?) 217.15 218.50 218.05 217.15
First Practical First Practical First Practical First Practical
solution  solution solution solution solution solution solution  solution
(klf\]) 2200.00 2200.00  2200.00 2200.00 2200.00 2200.00 2200.00 2200.00
Mz —500.20 —480.00 426.37 413.59 —51449 —451.86 0.00 - 15.56
(kN-m)
(kAI\/?-;ITn) 340.00 340.00 340.00 340.00 340.00 340.00 340.00 340.00

a=5.93 a=6.00 a=2.55 a=2.60
b=7.80 b=7.90 b=6.40 b=6.40
b=1.00  b=1.00 b=5.00  51=5.00
b=1.00  5=1.00 b=1.00  5,=1.00
o1 (kN/m?) 217.15 211.12 218.50 213.96 211.19 210.31 217.15 211.10

Footing  a=7.77 a=7.80 a=6.40 a=6.40
sides b=3.52  b;=3.60  b;=4.03 b1=4.10
(m) b,=0.00  5,=0.00 b,=1.00 b,=1.00

o2 (kN/m?)  47.89 49.67 100.01 98.86 98.87 100.48 93.75 92.28
o3 (kN/m?) 217.15 209.29 117.45 116.25 218.05 216.11 217.15 213.03
o4 (kN/m?) 217.15 209.29 88.05 88.18 171.36 170.35 179.66 176.47
as (kN/m?) - - - - 152.42 152.04 131.24 130.77
a6 (kN/m?) - - - - 105.73 106.28 93.75 94.22
o7 (kN/m?) - - - - 218.05 210.34 179.66 177.01
o5 (kN/m?) - - - - 199.11 192.04 131.24 131.32

A; (m?) 13.69 14.04 16.10 16.32 12.73 12.90 14.15 14.40

where: gmac-Available permissible load capacity of the soil, R=Resultant force, M,/=Resultant moment about
the X axis, My,7=Resultant moment about the Y axis, 4=Minimum area, his bending shear acting on f>-f>"axis
is zero, because it falls outside of the support surface of the footing.

Now, the factorized loads and moments are: P,;=1640 kN, M,i=192 kN-m, M,;1=272 kN-m,
P.,=1360 kN, M,o=136 kN-m, M,;»=192 kN-m.

The properties of the thickness of the trapezoidal combined footing after making several
iterations are: =115 cm, d=107 cm, =8 cm (case 1), and =100 cm, d=92 cm, =8 cm (case 2).

The properties of the thickness of the T-shaped combined footing after making several iterations
are: =105 cm, d=97 cm, r=8 cm (case 1), and /=115 cm, d=107 cm, =8 cm (case 2).

Table 1 shows the optimal area of the contact surface on the soil for the two cases and the two
footings.

Table 2 shows the geometric properties, the factored resultant moments and factored resultant
force acting for the two cases and the two footings.

Table 3 shows the factored moments acting on each axis and the section width of the applied
moments for the two cases and the two footings.

Table 4 shows the factored bending shear acting on the footing and the bending shear resisted by
the concrete for the two cases and the two footings (ACI 318-14).

Table 5 shows the factored punching shear acting on the footing, and three punching shear that
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Table 2 Geometric properties and factored resultant mechanical elements for the two cases and the two
footings

Concept Trapezoidal combined footing T-shaped combined footing
Case 1 Case 2 Case 1 Case 2
Geometric  4=14.04 m?, C,,1=2.60 4=16.32 m?, C,1=2.55 A=12.90 m?, y,=2.61 A=14.40 m?, y,=2.81
properties m, [,=47.46 m* m, [,=48.85 m* m, ,=77.95 m* m, [,=40.25 m*
R, (kKN) 3000.00 3000.00 3000.00 3000.00
M,xr (kN-m) —632.00 =777.10 —593.63 1.33
M,y (KN-m) 464 464 464 464

Table 3 Moments acting on each axis for the two cases and the two footings

Trapezoidal combined footing T-shaped combined footing
Case 1 Case 2 Axis Case 1 Case 2
M (&kN-m) w(m) M(&N-m) w(m) M (kN-m) w(m) M (kN-m) w(m)
ar’-a;’  695.54 0.935 797.75 0.86 a’-a’ 1193.89 0.885 486.48 0.935

Axis

ay-ay’  83.17 1.47 163.90 0.86 b>-b> 102.67 1.37 102.67 0.935
b’-b> —468.82 342 —473.07 3.90 c’-c’ —417.43 6.00 —476.65 2.60
c’-¢’ —2087.91 2.29 —2212.79 2.68 d’-d”> —858.34 1.00 —1291.94 2.60
d-d& —14.39 0.83 - 113.77 1.19 e-e’ —1117.83 1.00 —2346.00 2.60
e’-e’ 57.81 0.65 0.00 1.00 f-f  348.71 1.00 - 119.35 1.00

g’-g’ 303.71 1.00 0.00 1.00

where: M=Moment, w=Width of the analyzed section.

Table 4 Bending shear on each axis for the two cases and the two footings

Trapezoidal combined footing T-shaped combined footing
Case 1 Case 2 Case 1 Case 2
Axis o 9w N (N Vy 9y w
&N) (kN) (m) (kN) (kN) (m) kN) (kN) (m) (kN) (kN) (m)

fi’-fi” =300.21 662.48 0.935 —453.58 523.92 0.86 h’-h’ —557.86 568.45 0.885 —26.08 662.48 0.935
- 0 1041.55 1.47 0 523.92 0.86 i’-i’ 0 87997 1.37 0 662.48 0.935
g’-g’ 736.45 2068.92 2.92 874.22 2107.86 3.46 ;- 2.59 642.32 1.00 843.49 1842.19 2.60
h’-h> —870.65 935.27 1.32 —953.28 999.10 1.64 k’-k* 341.06 642.32 1.00 —1068.47 1842.19 2.60
- 7.04  106.28 0.15 0 0 0 -’ —608.58 642.32 1.00 —1053.89 1842.19 2.60
m’-m’ 143.26 642.32 1.00 0 0 1.00
where: V/=Bending shear acting on the footing, J,;//=Bending shear resisted by the concrete.
Note: * Trapezoidal combined footings: The bending shear acting on f>’-£>” (cases 1 and 2) axis and i’-i’ (case
2) axis, these values are zero, because it falls outside of the support surface of the footing. ** T-shaped
combined footing: The bending shear acting on i"-i" (cases 1 and 2) axis and m’-m’ (case 2) axis, these values
are zero, because it falls outside of the support surface of the footing. The bending shear acting on k'-k” (case
2) axis is not considered, because it falls within the distance “d” of the inner column. If “d” is reduced to 97
cm, then the analysis width is reduced to 1.00 m, and the bending shear resisted by the concrete is reduced and
this does not meet.
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Table 5 Punching shear acting on each column for the two cases and the two footings

Trapezoidal combined footing

T-shaped combined footing

Column Case 1

Case 2

Case 1 Case 2

Vo kN) 0,7, (kN)

Vp (KN)

9,V (kN)
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resists the concrete for the two cases and the two footings, and the value that governs is the lowest
(ACI 318-14).
Fig. 10 shows the sides and the reinforcing steel for the two cases and the two footings.

4. Results

Table 6 shows the comparison of the dimensions for the trapezoidal combined footings and the
T-shaped combined footings.

Table 7 shows the comparison of the volumes of concrete and steel for the trapezoidal combined
footings and the T-shaped combined footings.

The results show the following:

The critical bending shear: The critical bending shear is located on the h’-h’ axis for the cases 1
and 2 of the trapezoidal combined footings, and for the T-shaped combined footings is located on
the I’-I” axis for the case 1 and for the case 2 is located on the k’-k’ axis (see Table 4).

The dimensions: The area of the contact surface of the footing on the soil is less for the T-shaped
combined footings in the two cases (see Table 6). The effective depth and thickness of the footing is
less for the T-shaped combined footing in case 1 and for the case 2 is less for the trapezoidal
combined footing (see Table 6).

The volumes of concrete and steel: The volume of concrete for the footing is less for the T-shaped
combined footing in case 1 and for el case 2 is less for the trapezoidal combined footing (see Table
7). The volume of steel for the footing is less for the trapezoidal combined footing in case 1 and for
el case 2 is less for the T-shaped combined footing (see Table 7).

To make a decision on the most economical footing, the total cost must be considered.

The total cost “C;” for any type of footing is:

Table 6 Comparison of the dimensions

Concept TCF T-SCF
TCF/T-SCF; TCF2/T-SCF,
Case 1 2 1 2
A; (m?) 14.04 16.32 12.90 14.40 1.09 1.13
d (cm) 107 92 97 107 1.10 0.86
r (cm) 8 8 8 8 1 1
t (cm) 115 100 105 115 1.10 0.91

where: TCF=Trapezoidal combined footings, T-SCF=T-shaped combined footings, TCF=Trapezoidal
combined footings for case 1, T-SCF=T-shaped combined footings for case 1, TCF,=Trapezoidal combined
footings for case 2, T-SCF,=T-shaped combined footings for case 2

Table 7 Comparison of the volumes
Concept TCF T-SCF

TCF,/T-SCF, TCF,/T-SCF;
Case 1 2 1 2
V. (m?) 16.15 16.32 13.54 16.56 1.19 0.99
Vs (m?) 0.1589 0.1595 0.1713 0.1516 0.93 1.05

where: V.=Volume of concrete, V’;=Volume of steel
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Fig. 11 Comparison of the total cost for the two footings
Ct = V.Cp + VsysCs (78)

where: Cc=cost of concrete for 1 m® of ready-mix reinforced concrete in dollars, Ci=cost of
reinforcing steel for 1 kN of steel in dollars, Vi=volume of reinforcing steel, V.=volume of concrete,
and ys=steel density=76.94 kKN/m’.

Substituting @=ratio of reinforcement steel cost to concrete cost=y,Cy/C. — y,Cs=aC. into Eq.
(78) is presented by the following equation

Ce = (Ve +als)Ce (79)

Fig. 11 shows the graphics of the relationship between the total cost and the concrete cost in
function of @ of the trapezoidal combined footing and the T-shaped combined footing for the two
cases.

Fig. 11(a) shows the graphics for the case 1, where the relationship between the total cost and the
concrete cost is greater for the trapezoidal combined footing until ®=210.48, and from this value,
the relationship is greater for the T-shaped combined footing.

Fig. 11(b) shows the graphics for the case 2, where the relationship between the total cost and
the concrete cost is greater for the T-shaped combined footing until =30.48, and from this value,
the relationship is greater for the trapezoidal combined footing.

5. Conclusions

Foundation of a structure is the essential part to transmit the column or wall loads to the
underlying ground below the structure. The comparative study between trapezoidal and T-shaped
combined footings presented in this paper generates results that have an unparalleled accuracy for
all foundation engineering problems. The main part of this research is to obtain the optimal area,
reinforcing steel and thickness of the trapezoidal and T-shaped combined footings using the new
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models.
This study assumes that soil support layers are elastic and the rigid footing, which comply with
the biaxial bending equation, i.e., the pressure diagram presents a linear variation.

The advantages of the two models presented in this document are:

1) The models can be used for different types of loads and moments such as: Pi, P», M1, M,1,

M»cz, and M, y2.

2) The models can be used for different types of allowable load capacity of the soil “g,”,

3) The moments and bending shear can be obtained anywhere on the footing, because the

equations are presented in function of the variable “y”,

The proposed model presented in this article can be applied to the following types:

1) Footings under concentric load in each column.

2) Footings under concentric load and moment in a direction in each column.

3) Footings under concentric load and moments in both directions in each column.

The main conclusions are:

1. The classical model will not be practical compared to this methodology; because the classical

model takes into account only the greater pressure applied throughout the contact surface of the

footing (pressure is equal in all points of the footing).

2. The new model for the design of trapezoidal combined footings can be used:
2.1. For the design of trapezoidal combined footings with a property line restricted, and also
two property lines of opposite sides restricted.
2.2. For the design of triangular combined footings with a restricted property line considering
b>=0 (see case 1).
2.3. For the design of rectangular combined footings with a restricted property line considering
b1=b,, and also two property lines of opposite sides restricted.

3. The new model for the design of T-shaped combined footings can be used:
3.1. For the design of T-shaped combined footings with a property line restricted, and also two
property lines of opposite sides restricted.
3.2. For the design of rectangular combined footings with a restricted property line considering
b=b, and a=b», and also two property lines of opposite sides restricted.

4. The optimal area for T-shaped combined footings are more economical than the trapezoidal

combined footings as seen in the results section (see Table 6).

Suggestions for next investigations can be:
1.- If there is another type of soil, such as totally clayey soils (cohesive soils) or totally sandy
soils (granular soils), the pressure diagram should be considered differently because it is not
linear.
2.- Comparative study of T-shaped combined footings between the model proposed in this
paper and any other type of finite element software to observe the results.
3.- Comparative study of trapezoidal combined footings between the model proposed in this
work and any other type of finite element software to observe the results.
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