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Effect of two-temperature in an orthotropic thermoelastic
media with fractional order heat transfer
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Abstract. In this article we studied the effect of two-temperature in a two-dimensional orthotropic thermoelastic
media with fractional order heat transfer in generalized thermoelasticity with three-phase-lags due to
thermomechanical sources. The boundary of the surface is subjected to linearly distributed and concentrated loads
(mechanical and thermal source). The solution of the problem is obtained with the help of Laplace and Fourier
transform techniques. The expressions for displacement components, stress components and conductive temperature
are derived in transformed domain. Numerical inversion technique is used to obtain the results in physical domain. The
effect of two-temperature on all the physical quantities has been depicted with the help graphs. Some special cases are
also discussed in the present investigation.

Keywords: concentrated and linearly distributed loads; Fourier transform; fractional calculus; laplace
transform; orthotropic; two-temperature, three-phase-lags

1. Introduction

The elastic solid body deforms due to the action of an external loads and heat sources. The study
of the dynamical system in which both thermal and mechanical effects are introduced give rise to
the subject called thermoelasticity. When a material body is subjected to an external force and heat
source it changes its shape due to the change in its temperature. Thermoelasticity deals with the flow
of heat, stresses and strain produced in the material body. From many years, an intense amount of
interest has been given to the non-classical theories which are referred to as generalized
thermoelastic theories. These are developed to overcome the shortcomings of classical old theories.
According to these theories the heat signals propagate with finite speed and also applicable in those
cases where the heat flux rate is very high. The thermoelastic theories with two-temperature are also
included in the field of non-classical theories. Many researchers worked on the two-temperature
thermoelastic problems. Chen and Gurtin (1968) and Chen et al. (1968, 1969) formulated two-
temperature theory of thermoelasticity for deformable bodies.

Heat conduction equation of this theory depends on two different types of temperatures
thermodynamical temperature (T) and the conductive temperature(¢). The difference between these
two temperatures is proportional to the heat supply. The two temperatures are equal in the absence
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of heat supply for time independent problems. For time dependent problems, the two temperatures
are different regardless of the presence of heat supply. Moreover, fractional order theory came into
existence during the second half of the 19" century and has been used to model polymer materials.
The applications of fractional order theory are widely spread over the areas like in dynamics, fluid
mechanics, biology, physics, mechanics of solids etc. Fractional order differential equations have
been focus of many studies due to their non-localization property. Most of the problems of physical
processes are solved with the help of fractional order heat conduction equations. The application of
fractional calculus was first introduced by Abel to solve the tautochrone problem. Marin (1999)
obtained the existence and uniqueness solutions for the mixed initial-boundary value problems
in thermoelasticity of dipolar bodies. Youssef (2006) formulated a new theory of generalized
thermoelasticity by considering two-temperature generalized thermoelasticity theory for a
homogeneous isotropic body without energy dissipation. Palani and Abbas (2009) investigated the
combined effects of magnetohydrodynamics and radiation on free convection flow past an
impulsively started isothermal vertical plate with Rossel and diffusion approximation. Abbas et. al.
(2009) studied the effect of thermal dispersion on free convection in a fluid saturated porous
medium. Sur and Kanoria (2012) constructed the theory of two-temperature thermoelasticity by
considering fractional order heat equation. Bassiouny and Sabry (2013) constructed the two-
temperature fractional order thermoelastic model for piezoelectric materials. Marin et al. (2013)
modelled a micro stretch thermoelastic body with two-temperatures and eliminated divergences
among the classical elasticity and research. Naggar et al. (2013) studied the effect of initial stress,
magnetic field, rotation, voids and thermal field on plane waves in generalized thermoelasticity.
Abbas and Kumar (2014) studied the interactions due to thermal source in micropolar generalized
thermoelastic half-space by finite element method Ezzat er al. (2014) constructed the two
temperature magneto-thermoelastic theory by using fractional order heat conduction equation.
Bhattacharya and Kanoria (2014) studied the interactions in a two-dimensional isotropic generalized
thermoelastic diffusive spherical shell with fractional order heat transfer and two-temperature.
Mondal et al. (2014) investigated the thermomechanical interactions in isotropic homogenous semi-
infinite generalized thermoelastic solids with two-temperature and fractional order. Zenkour and
Abouelregal (2015) studied the fractional effect in a generalized semi-infinite solid induced by pulse
laser heating. Marin et al. (2015a) studied the double porosity structure for micropolar bodies. Marin
et al. (2015b) extended the domain of influence theorem for generalized thermoelasticity of
anisotropic material with voids. Abbas and Marin (2017a) examined the analytical solution of
thermoelastic interaction in a half space due to pulsed laser heating. Abbas and Marin (2017b) also
studied the two-dimensional generalized thermoelastic diffusion problem due to laser pulse. Kumar
et al. (2017) studied the effect of hall current and rotation in a modified couple stress generalized
thermoelastic half space due to ramp type heating. Abbas (2018) studied the effect of fractional
parameter in a two dimensional problem in the context of thermal shock with three types of
conductivity weak, normal and strong conductivity. Molla et al. (2019) studied the fractional and
two-temperature effect on the stress components for an unbounded generalized thermoelastic media
with spherical cavity. Lata and Kaur (2019) studied the thermomechanical interactions in
transversely isotropic magneto- thermoelastic solids with rotation due to time harmonic sources.
Saeed et al. (2020) studied the thermo-elastic interactions in a poroelastic material using finite-
element method. Zhang et al. (2020) studied the Entropy Analysis on the Blood Flow through
Anisotropically Tapered Arteries Filled with Magnetic Zinc-Oxide (ZnO) Nanoparticles. Khamis et
al. (2020) examined the thermoelastic interactions in a homogeneous isotropic fractional ordered
thermoelastic infinite medium with a cylindrical cavity. Bekkaye (2020) studied the mechanical
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behaviour of FG plate using refined trigonometric shear deformation theory. Othmane e al. (2020) studied
the bending the and free vibration analysis of laminated composite and sandwich plates. Alzahrani and
Abbas (2020) studied the photo-thermal interactions in a semiconducting medium with spherical
cavity and two-temperature. Biswas and Abo-Dahab (2020) studied the magneto-thermoelastic
interactions in a three-dimensional orthotropic medium. Zenkour (2020) studied the magnetic
thermal shock problem for a fibre-reinforced anisotropic half space with refined multi-dual-phase-
lag model of heat transfer. Guellil ef al. (2021) studied the Influences of porosity distributions and
boundary conditions on mechanical bending response of functionally graded plates resting on
Pasternak foundation. Bendenia et al. (2021) studied the Deflections, stresses and free vibration
studies of FG-CNT reinforced sandwich plates resting on Pasternak elastic foundation. Zerrouki et
al. (2021) studied the effect of non-linear FG-CNT distribution on mechanical properties of functionally
graded nano-composite beam. Tahir ez al. (2021) investigated the wave propagation of a ceramic-metal
FGM plate with various porosity distributions in a hygrothermal environment and resting on a
viscoelastic foundation. Mudhaffar et al. (2021) studied the Hygro-thermo-mechanical bending
behaviour of advanced functionally graded ceramic metal plate resting on a viscoelastic foundation.
Merazka et al. (2021) analyzed the Hygro-thermo-mechanical response of FG plates resting on
elastic foundations. Houari et al. (2021) Bending analysis of functionally graded plates using a new
refined quasi-3D shear deformation theory and the concept of the neutral surface position. Bakoura et al.
(2021) studied the buckling analysis of functionally graded plates using HSDT in conjunction with the
stress function method. Lata and Himanshi (2021a, b, ¢) studied the various orthotropic thermoelastic
problems of generalized thermoelasticity with fractional order heat transfer. Bassiouny (2021)
studied the behaviour of homogeneous isotropic thermoelastic semi-infinite material with fractional
order heat transfer subject to thermal loading.

Including all the above work, we observed that a two dimensional problem in an orthotropic
media with and without energy dissipation in the context of fractional order heat transfer with three
phase-lags and two temperatures has not been considered yet. So, in this attempt we have examined
the effect of two temperature in an orthotropic thermoelastic solid by using fractional order heat
conduction equation of type GN-III with three phase-lags due to thermomechanical sources. Laplace
and Fourier transforms are used to obtain the components of stress, displacement and temperature
change subjected to concentrated load and linearly distributed load. The effect of two-temperature
on various components with and without fractional effect has been examined with the help of graphs.

2. Basic equations

Following Lata and Zakhmi (2021b), the constitutive relations, equation of motion and heat
conduction for anisotropic thermoelastic solid with three-phase-lags in the absence of body forces
and heat sources are given as

0ij = Cijkieir — Bij T, 1)
0ij =P i, 2

T3 9% | Ta™ 92 - N
Ky (1+ 22y o+ K1+ .ata)qb,l = (1+ ;atﬁﬁatw) [o CeT + BijToéi ], (3)

where B;; = Cijrier, Bij = Bidij = K; 6;;,K{; = K{6;; (i,j=1,2,3) i is not summed and
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6;; is Kronecker delta.
The strain displacement relations are taken as

1 ..
€ij= 3 (wj +uii), L,j=123 (4)

Following Youssef (2006), the two temperature relation is given by T = (¢ — a;jp; j), where
i,j =123

Here, dot (.) represents the partial derivative w.r.t time and (,) denote the partial derivative w.r.t
spatial coordinate, ¢;jy; (= Ciij = Cjiki = Cijix) 18 the tensor of elastic constant, p is the density, T is
the reference temperature,u; are the components of displacement vector u, Cy is the specific heat
at constant strain, o;; = (0j;), e;jare the components of stress and strain tensors, T is the absolute
temperature, ¢ is the conductive temperature. Also 7, ,7; and 7, are respectively the phase-lag of
the heat flux, the phase lag of the temperature gradient and the phase lag of the thermal displacement
respectively. a;; is the coefficient of linear thermal expansion and f;; is the tensor of thermal
moduli, a;; are the two-temperature parameters, K;jand K;; are the constants of thermal
conductivity and material characteristic constant respectively.

Here, the symmetries of elastic parameters C;j; is due to

i. The stress tensor is symmetric, which is only possible if (Cl-jkl = Cjikl)

ii. If a strain energy density exists for the material, the elastic stiffness tensor must
SatiSfy Cijkl = Cklij

iii. From stress tensor and elastic stiffness tensor symmetries infer (Cijim = Cijmi) and
Cijkt = Criij = Cjira = Cijue

3. Formulation of the problem

We consider a homogeneous orthotropic thermoelastic body initially at uniform temperature
Towith and without energy dissipation in generalized thermoelasticity with fractional order heat
transfer and two-temperature. We take a rectangular coordinate system (x,y,z) having origin on
the surface z = 0 with z-axis pointing vertically downwards into the medium is introduced. The
surface of the half space is subjected to the thermomechanical sources i.e., a normal force F; and
a thermal source F, is acting at z = 0. For two-dimensional problem in xz-plane, we take

U= (u,0,w) (5)

Following Kumar and Chawla (2014), constitutive relations for orthotropic thermoelastic media
using Eq. (1) can be written as

Oxx = Cll Cxx + 613 €zz — ﬂlT: (6)
Ozz = C13 €xx T C33 €zz — .83Tv (7)
Oxz = 2 C55 exz, (8)

where

ou ow 1/0u ow ¢ azzp)
- ou e = (=4 2= = ¢ — — — 9
Caxx ox ' Czz oz Cxz 2 (az + ax) yT=9¢ (a1 ax? +as 8z2)’ ©)
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Egs. (2) and (3) with the help of Egs. (6)-(9) takes the form
0%u 0%u 0w 2¢ 0%¢ 0%u

C11ﬁ +C55ﬁ+ (Cy3 +Css)m—ﬁ1ax{¢ (a 15,2 7t a3 5 =)} = P52 (9)
2%u a%w a%¢p 2%¢ 2’w
(Ciz *+Cs5) 5 + Css55 + a3 azz — B33, {¢ (a1 9z T 43 azz)} P S (10)
Ky (1+ o ata) ?11"‘ K; (1+ m Bt“) haz + Ki(1+ a, 6t“) b1t K3 (145 o ata)¢ 33 = 1)
7§ L a! 92«

2%¢
[1+ Eﬁ—l—ﬁatm] [p Eﬁ{d’ (ala 2 +a3a 2)} To{ Briiyg + PBsiiz3 }].

In the above equations we use the contracting subscript notations (11 -1, 22 - 2, 33 -
3,235 4,13-5, 12-6 ) to relate Cjy to Cp, , where I,j,kl=123andm,n=
1,2,3,4,5,6.

We assume that the medium is initially at rest, then the initial and regularity conditions are given
by

u1(x,2,0) =0 = u4(x,20),
usz(x,z,0) =0 = u3(x,z0),
¢(x,2,0) =0 = ¢(x,20), For z>0,—0 < x < oo;
u(x,z,t) =us(x,z,t) = ¢p(x,z,t) =0, Fort >0whenz — oo

We define the following dimensionless quantities to facilitate the solution

2 2
x z [ c C
X' = — , 7z = —_ , w = p—lu , w’ :p—lw’ t: = _1t ,
L L L’gﬁl LToP L (13)
, _ 033 , — 031 L - Q1 ,_ a3 ,_T
033~ 75 » 0317 ==, ay= o, T=s
ToB1 ToB1 To L L To

C
where ¢? = 2L,

By the use of dimensionless quantities given by Eq. (13) in Egs. (10)-(12) and suppressing the
primes for convenience yield

o%u o’w a,0%¢ | a3 d*¢ 0%u
+ . e
ax? 61 622 62 axdz {¢ (L oz T L 522)} a2’ (14)
22w 22w 0%u G| a1 0% a3 aqu) 22w
— — — —ce—dp-(2—=+=2=){="0H 15
03 oz + 61 axz T 62 oxoz  Coz {¢ (L PR } at2’ (15)

a (9%¢ a (9%¢ a2¢ a%¢
€1t 5 (a )+ €21 tE (622)+ €3ty (ax2)+64 Ty (622)

16)
R 92 (a; 9* az 82 R ou ow (
=, |22 - 2 (1 ¢+—3—¢)+ €s—— (= + e— ]
a9tz at2\1L ox2 ' L 922 ot2 N ox 0z
where
c ci3+cC c T 0% T 9%
oy =8 5, = 3ths g G oo (e Ty = (14 ,=(1+22
L 11’ 2 11 3 ci1 t ( a! 6t"‘ ) v= ( a! 6t“) q + a! ot% t
thla! 9%« _ Kk _ K3 _ K _ k3 _ BT
2a 1— €2 = y €3= 2 v €4= 2 v €5 = —— .
2a! 0t pLC.Cg pLC.Cg pciCg pciCg p?ciCg

Apply Laplace and Fourier transforms defined by
fozs)=[, f (x.zt)e™t dt, (17)
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f&z5) = [0, F (xz,5)e’* dx, (18)
On Egs, (14)-(16), we obtain a system of three homogeneous equations in (&, W, ¢)
[6:D2 — pi]& + [p; DIW + [~i&pg + ip1oD*] § = O, (19)
[6:D% — ;1@ + [p; D]W + [—iépg + i€p1oD?] $ = 0, (20)
[—i&s?es 1)@ + [—eess?t,D]w 1)

+[ paT; + s&,7D? + pyty, + 4T, D241, ps + p6DZT;1]¢3 =0,
where

d
D =— P1:(52+fz); P2:(5152+52), P3:—55251;

dz’
_ 2 _ 2 a1 ¢2 _2(a _
P = —&2e3, ps = =52 (1 + 282), pe =52 (%), p, = i£6;,
_ a 2 _ . 2 _ a _(1
pg = (1 + L_zlf )1 Do = —&€5i€8,5%, p1g = L—g,Pn = L—;,
a a a 2a
T’t=1+T—tS“, T;,=1+T—”s“, T;Z=1+T—"s“+lsza.
a! a! a! 2a!

These resulting equations have non- trivial solution if the determinant of the coefficient (i, W, ¢)
vanishes, which yield to the following characteristic equation.

(PD®+ QD*+RD?+S) (4, W, p) (22)

where

D= % , P ={ 1,(836,€,5) + (8361€4) Ty, + (8361p6 + 816%65 ps) Ty},
Q ={ 1,(836,p3 —615€,p,—835€,p1 — 5€,p7) + T,(836104 — 81640, — 836401 — DFEL) +
7,(836105 — 61P2Ps — 63D1Ps — PsD5 + 81ps°€s — P1Pe’es + E%6563 Pe)}

R = {1i(=61p2p3 — P1P383 + P1D2S€2 — P3P3) + Ty (—61D2D4 — 83D1Ps + P1D2€4 — Pap7) +
Ty (=81P;Ps—83P1Ps + P1D2Ps — P1Ps€%Es — Psps — i p;Psese — i€pgpy + E25%e583pg —
Deé*esdy — &25%espe)}

S = 1,(p1p2p3) + T(P1P2ps) + Ty(P1P2ps — §*s?es81pg — §25%esps).

The roots of the Eq. (22) are £ A; (i = 1,2,3); the solution of the equation satisfying the radiation
conditions can be written as

i =AjeMZ+A,e % 4 pzehsZ, (23)
W= diAe M7 + dyA,e % + diAze M2, (24)
¢ = LA e M7 + LAe h2% + [3Aze ™% (25)

Also th I tants d; and I are given by d, = ALAFTABHC g o0 o
so the coupling constants d; and /; are given by d; = T—i———, i =123, |; =

4 51 /12 1 ! ¢ ¢
AP+ 22Q'+R .
A AT 2B i =1,2,3, where

A" = {1,( 85 €;8) +1,(83€4) + 7,( 83p6 + Dec’es)},
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B' = {1, (83p3 —€25P2) + Ty, ( O304 — Py €4) + Ty( 3P5— P2De + Pse’es)},
C" = {1, (=p3p2) + 7 (—Pab2) + 74 (—PsP2) },
A" = {11( 61 €;5)+ 1,,(81 €4)+ T4(81P6)},
B* = {1, (81p3 — p15€2) + Ty(61Ps — D1 €4) + Ty (815 — P1Pe — §25%EsP10)}
C* = {7, (=p1p3) + T (—p1ps) + 75(— Pspy + §25%espg)},
P" = { 6163}, Q' ={-p163 — 0261 —Pg}, R" = {p1p2}.

4. Boundary conditions

Following Lata and Zakhmi (2019), the boundary conditions are taken as
Ozz = — Fllpl (X) 5 (t)'

Oxz =0,

% = F,(x) 8 (t) at z =0,

247

(26)

(27)

(28)

where F; is the magnitude of force applied, F, is the constant temperature applied on the

boundary, ¥, (x) and ¥, (x) is the source distribution function along x -axis.

With the help of Laplace and Fourier transform defined by Egs. (17)-(18) on the boundary
conditions (26)-(28) and with the help of Egs. (1), (9)-(13), (16) and (23)-(25), we obtain the

displacement components, stress components and conductive temperature as follows

4}

_ _ fﬂ/)j (3] ( A e~MZ 4 Aze—lzz_l_ As e~z )
+ B8 (prehiz b prehr 4 premt ),
W= — F111); €3) (d,A, e~ Mz 4 d, Aze—lzz_i_ dsAs o3z )
+ leliAz €3] (dlA;e—Alz + dzA;e—Azz+ d3A§e_’13Z ),
(5 - _ F11PA1 ©® (llAl e—Alz + 12 Aze—lzz_l_ 13A3e—/'l3z )

+ lellAz ® ( llA;e—llz + 124*2‘6—122 + 13A§€_A3Z ),

033 = — —Fle ©) (Mg Ay e™7 + Ajy Aje™ 27 + AjAzeh% )

* szAz = (A1die™7 + AjpAse™27 4 AjpA5e™% ),

013 = — —Fle © (Az1 Ay e ™7 + Ayy Dpe 2% + AyzAzes? )

szj © (Ay1Ate™M7% + Nypdye™27 + ApAse7 ),

+

(29)

(30)

(1)

(32)

(33)



248 Parveen Lata and Himanshi Himanshi

where

A = Dy (D033 — A3p853) — A1p(821833 — Ap3l31) + A13(A2145; — AzrAs3:),

A1 = (D338 — A3z823), Ay = —(A31433 — Ap3831), Az = (83143, — AypA34),
A7 = (Di2l23 — Ag3B33) , 43 = (D381 — Aq1l33) , 45 = (A1182; — A12859),
_ Gz i§ C33dily

_ el Yz 9352\ i
by = e (1+ e 2),j=123
c . .
AZ]' = pS_C512 (—A] + lfd]), ] = 1,2,3
—T .
A3]' = TO (ZJA]) ] = 1,2,3

4.1 Mechanical force on the surface of half —space

Taking F, = 0 in Egs. (29)- (33), we obtain the components of tangential stress, normal stress,
displacement and conductive temperature due to mechanical force.

4.2 Thermal source on the surface of half-space

Taking F; = 0 in Egs. (29)- (33), we obtain the components of tangential stress, normal stress,
displacement and conductive temperature due to thermal source.

5. Applications

5.1 Concentrated force

The solution due to concentrated normal force is obtained by setting

P1(x)=8(x), P, ()= 6(x), (34)

In Egs. (26) and (28), where J(x) is the Dirac delta function. By applying Laplace and Fourier
transformations defined in Egs. (17)-(18) on (34), we get

P1@)=1 P2 (§) =1, (35)

Using Eq. (35) in Egs. (29)-(33), we obtain the components of stress, displacements and
conductive temperature.

5.2 Uniformly distributed force

The solution due to uniformly distributed force is obtained by setting

_(Llif x| €£m
W16, 020 = {17 1o S ) (36)
In Egs. (26) and (28). The Laplace and Fourier transforms of 1, (x)and v, (x)with respect to

the pair (x,§) in case of uniformly distributed load of non-dimensional width 2 m applied at origin
of co-ordinate system x = z = 0 is given by
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(P18, P2(©)} = [2sin(Gm)/ &1 ,§ #0. (37)

Using Eq. (37) in Egs. (29)-(33), we get the stress components, displacement components and
conductive temperature.

6. Inversion of transformation

To obtain the solution of the problem in physical domain, we must invert the transformations in
Eqgs (29)-(33). Here, the displacement components, tangential and normal stresses and conductive
temperature are functions of z, the parameters of Laplace and Fourier transforms s and & respectively
and are of the form f (¢, z, s). To obtain the function f (x, z, t) in the physical domain, we first invert
the Fourier transform using

feoz,s) =5 [ e f (€, 2,5 d¢ = - [ lcos@x) f = isin(€0)fol €, (38)

where f, and f, arerespectively the odd and even parts of f(¢, z, s). Thus the expression Eq. (38)
gives the Laplace transform f(x, z, s)of the function f(x, z,t) Following Honig and Hirdes (1984),
the Laplace transform function f(x,z,s) can be inverted to f (x,z,t).The last step is to calculate
the integral in Eq. (38). The method of evaluating this integral is described in Press ef al. (1986), It
involves the use of Romberg’s integration with adaptive step size. This also uses the results from
successive refinements of the extended trapezoidal rule followed by extrapolation of the results to
the limit when the step size tends to zero.

7. Numerical results and discussion

For numerical computations, we take the following values of the relevant parameter for an
orthotropic thermoelastic material (Biswas et al. 2017). (Table 1)

By using above values of parameters, the numerical simulated results are presented graphically
by using octave software to show the effect of two-temperature on stress components, displacement
components and conductive temperature ‘¢p’ with distance x for an orthotropic thermoelastic body
by using different values of fractional order parameter o. = 0,0.8 and two temperature parameter a,=
0.05, a; = 0.08 respectively.

7.1 Effect of two-temperature

(1) The red solid line with centre symbol triangle (A) holds for an orthotropic material with two-
temperature and without fractional parameter effecti.e., a; = 0.05, a3 = 0.08, a =0

(2) The green solid line with centre symbol plus (0) holds for an orthotropic material with two-
temperature and fractional parameter effect i.e., a; = 0.05,a; = 0.08,a = 0.8

(3) The blue solid line with centre symbol circle (¢) holds for an orthotropic material without
two-temperature and without fractional parameter effecti.e., a; = az=0, a=0

(4) The black solid line with centre symbol circle (0) holds for an orthotropic material without
two-temperature and with fractional parameter effecti.e., a; =az; = 0, a =0.8
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Table 1
Quantity Value Unit

11 18.78 x 101° Kgm™1s72
C13 8.0 x 101° Kgm™1s72
C33 10.2x 1010 Kgm™1s™2
Css 10.06 x 101° Kgm™1s72
Cg 4.27 x 102 JKg™1K™1
B1 1.96 x 1075 Nm?K~1
B3 14 %x 107> Nm?K~1
T, 293 K

K, 0.12 x 103 wm™tK~1
K 0.33 x 103 Wm~lK~1
K; 1.313 x 10? Ws—1
K; 1.54 x 102 Ws—1

p 8.836 x 103 Kgm™3
T, 1 x 1077 S

T, 1.5 x 1078 S

T, 2.0 x 1077 S

8. Particular cases

(1) If we put K; = K3 = 0in Egs. (29)-(33), we get the resulting expressions for an orthotropic
thermoelastic solid without energy dissipation and with two-temperature with TPL (three-phase-lag)
fractional order model of heat transfer.

(2) If a; =a3 =0, in Egs. (29)-(33), we get the resulting expressions for an orthotropic
thermoelastic solid with and without energy dissipation with TPL fractional order theory of
generalized thermoelasticity without two-temperature.

(3) The problem reduces for the case GN-I type fractional order dual-phase-lag model with two-
temperature if we put K; = K3 = 0 in Egs. (29)-(33).

(4) If Cyq = C33 2Cs5 = €y — C33, we get the expressions for displacement components,
stress components and conductive temperature in transversely isotropic thermoelastic medium with
three-phase-lag fractional order heat conduction model and two-temperature in generalized
thermoelasticity.

(5) If €11 =C33=A+2u,C13=24Css =, py =P3 =P, K1 = K3 =K, K =K3 = K", we
get the expressions for isotropic thermoelastic solid with TPL fractional order theory in generalized
thermoelasticity with two-temperature.

(6) The present problem reduces for the case GN-III type model of thermoelasticity with two
temperature, If we put 7, = 7, = 74 =01in Egs. (29)-(33).

(7) If we take a =1 and 7, # 0, 7, # 0, 74, # 0, then the problem reduces for an orthotropic
thermoelastic solid with TPL model of heat conduction in generalized thermoelasticity with two-
temperature.
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9. Mechanical forces on the surface of half space
9.1 Concentrated mechanical force

Figs. 1 and 2 shows the variation of tangential and normal displacements with distance x with
and without two temperature corresponding to two different values of fractional parameter a= 0,
0.8 respectively. We noticed that the pair of curves with two-temperature (and the pair of curves
without two-temperature) follows an oscillatory pattern with difference in magnitude of oscillations
in the whole range of distance. With two-temperature amplitude of oscillations are high as compared
to without two-temperature for both with and without fractional effect. Fig. 2 depicts the behavior
of normal displacement with distance x. Here, in all the four cases trends are similar (i.e.,
oscillatory) with little difference in their magnitude of oscillations. Figs. 3 and 4 describe the
behaviour of normal stress o33 and conductive temperature ¢ with distance x. It can be noticed
that for the case with two-temperature near the boundary surface the value of normal stress decreases
for a=0 whereas it increases for @ = 0.8 after that it exhibits oscillatory behaviour in the remaining
range with increasing value of distance. However, in the case without two-temperature it reduces
from maximum to minimum value with small oscillations corresponding to a =0, 0.8 respectively.
The nature of conductive temperature ¢ with distance x shows an oscillatory behaviour in all the
four cases with and without two-temperature corresponding to a = 0 0.8 respectively with
increasing value of distance x.

9.2 Linearly distributed mechanical force

In linearly distributed mechanical force, Figs. 6-10 as in case of concentrated force shows the
variation of tangential displacement, normal displacement, normal stress, conductive temperature
and tangential stress with distance x (with and without two-temperature) corresponding to a = 0,
0.8 respectively. In Figs. 6 and 7, we noticed that the variation of all the four curves with distance x
(in the both cases with and without two-temperature) for both values of fractional parameter exhibits
the same trends (i.e., oscillatory) with change in their amplitude of oscillations. Fig. 8 depicts the
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variation of normal stress. We see that for the case with two-temperature near the boundary surface
the value of normal stress decreases for @ = 0 whereas it increases for a = 0.8 and then follows an
oscillatory trends in the rest of the range with increasing value of distance. While in the case without
two-temperature there is a slow decrease from high to low value in the overall range of distance
corresponding to a = 0, 0.8 respectively. Fig. 9 illustrates the variation of conductive temperature.
It can be seen that all the four curves shows same behaviour i.e., oscillatory with increasing value
of distance x. Also in fig 10 variation of tangential stress g3; with distance xhas shown. We see
that in the initial range 0 < x < 1, the value of tangential stress decreases sharply near the loading
surface with and without two-temperature for both values of a and in the remaining range its value
increases sharply for the case with a = 0.8 and with two-temperature. While for the remaining three
cases with a@ = 0 (for both with and without two-temperature) and for the case a = 0.8 (without
two-temperature) its value oscillates slowly and all the curves intersect each other when the distance
approaches to its maximum value.

10. Deformation due to thermal source
10.1 Concentrated thermal source

Figs. (11)-(15) give the characteristics for concentrated thermal source. It is depicted from the
graphs that the distribution curves for both the displacement components (u, w) normal stress (g33),
conductive temperature(¢p) and tangential stress (o;3) for concentrated thermal source follow the
same pattern as in case of concentrated mechanical force i.e., all the distributions curves are
oscillatory in nature with difference in their amplitude of oscillations for all the four cases with and
without two-temperature and with o = 0, 0.8 respectively.

10.2 Linearly distributed thermal source
As in all the above cases, here in concentrated thermal source Figs. 16 and 17 depict the variation

of tangential and normal displacements with distance x with and without two-temperature and with
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o = 0, 0.8 respectively. We observed that the value of displacement u for the case a = 0 and with
two-temperature increases first near the boundary surface then decreases and shows an oscillatory
behaviour in the whole range of distance x. However for the case a = 0.8 and with two-temperature
its variation is just opposite i.e., decreases near the boundary surface then increases and follow an
oscillatory pattern in the rest of the range after that there comes a point when both the curves meet
each other. Without two-temperature and for o= 0, 0.8 its value oscillates with different magnitudes
in the whole range of distance x. From Fig. 17, we observed that the behaviour of normal
displacement is same (i.e., oscillatory) for all the four cases. Figs. 18-20 show the variation of normal
stress, conductive temperature and tangential stress with distance x. It can be seen that for both the
cases with and without two-temperature corresponding to o = 0, 0.8 the distribution curves are
oscillatory in nature with different magnitudes.

11. Conclusions

From the above discussion, we concluded that the change in the value of two-temperature with
different values of fractional parameter has great impact on all the field components when the both
thermal sources and mechanical forces are applied to an orthotropic thermoelastic body. It can be
noticed that the distribution curves for all the physical quantities follow an oscillatory pattern with
different magnitude and amplitude of oscillations. In other words, we can say that two-temperature
tends to move in oscillatory manner. The problem is theoretical but it is useful as an improvement
in the field of generalized with fractional order heat conduction equation. According to this theory,
fractional order thermoelasticity has significant importance in dynamical problems of solid
mechanics and structural mechanics as in most of the practical problems of physical processes
differential equations with fractional order are used to obtain the solution.
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