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Abstract.  This study focuses on the efficiency and applicability of dynamic relaxation methods in form-

finding of membrane structures. Membrane structures have large deformations that require complex 

nonlinear analysis. The first step of analysis of these structures is the form-finding process including a 

geometrically nonlinear analysis. Several numerical methods for form-finding have been introduced such as 

the dynamic relaxation, force density method, particle spring systems and the updated reference strategy. In 

the present study, dynamic relaxation method (DRM) is investigated. The dynamic relaxation method is an 

iterative process that is used for the static equilibrium analysis of geometrically nonlinear problems. Five 

different examples are used in this paper. To achieve the grading of the different dynamic relaxation methods 

in form-finding of membrane structures, a performance index is introduced. The results indicate that viscous 

damping methods show better performance than kinetic damping in finding the shapes of membrane 

structures. 
 

Keywords:  dynamic relaxation method; viscous damping; kinetic damping; form-finding; membrane 

structures 

 

 

1. Introduction 
 

The dynamic relaxation method (DRM) is an iterative process that is used in solving the system 

of equations. For static equilibrium equations, by adding the fictitious mass and damping terms, 

the DRM converts the static to dynamic state (Rezaiee-Pajand and Sarafrazi 2011). Rooted in the 

2nd-order Richardson method is the mathematical basis of DRM (Frankel 1950). The DRM was 

proposed for the first time by Otter, who emphasized the DRM capability based on a comparison 

between DRM and any other iterative method (Otter 1966). Many researchers have used this 

method for analyzing linear systems. Twelve existing and new dynamic relaxation methods based 

on the number of iterations and overall analysis duration were introduced by Rezaiee-Pajand et al. 

(2012). Rushton (Rushton 1969), Brew and Brotton (Brew and Brotton 1971), Wood (Wood 1971)  
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and Bunce (Bunce 1972) used this method for solving linear and nonlinear systems. Additionally, 

the kinetic damping theory was proposed by Cundall, who, by eliminating of damping, changed 

the procedure of DRM (Cundall 1976). In 2008, the method was modified by Topping and Ivanyi 

(2008). Then Cassell and Hobbs (Cassell and Hobbs 1976), Frieze et al. (Frieze et al. 1978), 

Papadrakakis (Papadrakakis 1981), Qiang (Qiang 1988), Al-Shawi and Mardirosian (Al-Shawi and 

Mardirosian 1987) and many other researchers have improved fictitious mass, damping and time 

for DRM (Munjiza et al. 1998; Rezaiee Pajand and Alamatian 2010, Rezaiee-Pajand and Sarafrazi 

2010, Zhang and Yu 1989). For improving the accuracy further, Rezaiee-Pajand and Taghavian-

Hakkak (2006) employed the three terms of Taylor series and formulated a new DRM process. For 

the optimal time step, Kadkhodayan et al. (2008) minimized the residual force. Also, the optimum 

time step by means of utilizing minimum energy was presented by Rezaiee Pajand and Alamatian 

(2005). In 2010s, Rezaiee-Pajand and Sarafrazi (2010) investigated the DRM algorithms and 

proposed a general formulation, and by setting the damping factor to zero they also proposed an 

alternative DRM algorithm that did not require the damping factor (Rezaiee-Pajand and Sarafrazi 

2011). Furthermore, Rezaiee-Pajand et al. (2011) proposed a newer technique for updating the 

damping factor, where the convergence rate was improved. Recently, Alamatian (2012) presented a 

new relationship for fictitious mass of kinetic damping based on running an incremental analysis, 

and Rezaiee-Pajand and Rezaee (2014) introduced a new formula based upon error analysis for the 

time step of the algorithm. 

The form-finding is a process of finding the basic static shape of the structure taking into 

account pre-tension forces only. It is done before a detailed analysis, involving imposed loads such 

as snow and wind (Lewis 2003, Xu et al. 2015). Barnes (1998) discussed about the use of kinetic 

DRM in form-finding of prestressed nets and membranes, while Wood (2002) introduced a simple 

technique for form-finding of membranes using DRM. Also, Veenendaal and Block (2012) 

compared various form-finding methods such as DRM and others for discrete networks. Nabaei et 

al. (2013) proposed a modified dynamic relaxation method with a fictitious stiffness-proportional 

damping into an equivalent fictitious viscous material model for form-finding of timber fabric 

structures. 

In this paper, two plans relating to membrane structures are loaded and form-finding of them is 

determined by dynamic relaxation method. Five methods of dynamic relaxation including 

traditional Dynamic Relaxation method (DR), Modified Dynamic Relaxation methods (MDR1 and 

MDR2), Kinetic Dynamic Relaxation method (KDR), and Kinetic Dynamic Relaxation with Time 

step method (KDRT) are used, and the number of iterations and CPU time of these methods are 

recorded. These methods are used for finding shapes of five membrane examples. 

 

 

2. Dynamic relaxation methods 
 

2.1 Traditional Dynamic Relaxation method (DR) 
 

In the traditional dynamic relaxation method (DR), a static system is transferred to the artificial 

dynamic space by adding artificial inertia and damping forces as follows (Rezaiee Pajand and 

Taghavian Hakkak 2006) 

PSXXCXM                                  (1) 

In this equation, M , C  and K  are the mass, damping, and stiffness matrices, respectively; X  
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is the displacement vector; and X  and X  are the acceleration and velocity vectors, respectively. 

For the formulation of a dynamic relaxation, numerical techniques are used. Using the finite 

difference method and according to the form, the velocity and acceleration vectors can be written 

as follows 
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where   is the time step and n  is the iteration of DRM.  

Typically, the damping matrix is defined as a multiple of the mass matrix. This equation of 

damping can be written as cC M , where c is the damping factor. With replacement values of 

velocity and acceleration and damping matrix in dynamic systems, the velocity in time 1/2nt   is 

obtained 
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In these equations, 
n

iim  and 
n

iir are the i-th diagonal element of mass matrix and residual force 

for i-th degree of freedom, respectively. The residual force in n-th step is calculated by the 

following equation 

           
n nn n n

   R P f M X C X                     (7) 

where R , P  and f  are the residual, external and internal forces, respectively.  
In this equation, mass matrix, damping factor and time step are unknown. One of the most 

common approaches to determine the fictitious mass matrix is using the Gerschgorin’s theory 

(Cassell and Hobbs 1976). This scheme gives the following expression for the i-th diagonal 

element of the mass matrix 
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In this article, the second formulation for fictitious mass matrix in all methods is used. In this 

equation, ndof is the number of degrees of freedoms and S is the stiffness matrix. 
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According to the theory of structural dynamics, if damping is critical, the convergence rate is 

maximum response. Thus to estimate the critical damping, Rayleigh’s principle is used 

      
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In addition, other methods to determine the damping factor are available. In many DRMs, time 

step is assumed to be constant and equal to one. However, other methods for determining the time 

step on the Rayleigh’s principle are also suggested (Papadrakakis 1981), as well as the improved 

time step formulated by minimizing the residual force (Kadkhodayan et al. 2008). The general 

DRM algorithm is given (Rezaiee-Pajand et al. 2012), as follows 

1. Defining 
0 1 2, , 0

r
  X X  and 

0  

2. 1n    

3. Assembling the internal force vector and applying boundary conditions 

4. Evaluating the residual forces, artificial mass matrix and damping factor 

5. Updating the value of time step   

6. Calculating 
1 2n

X  and 1n
X  

7. If 
1n

r
 R  then stopping the algorithm 

8. 1n n   

9. If
max

n N , continuing the DRM iteration from step 3. 

Here, 
max

N  is the maximum allowable number of iterations, which should be defined by the 

analyst, and 
r
  is the maximum allowable error of displacement. 

 

2.2 Modified Dynamic Relaxation method (MDR) 
 

In 2002, Rezaiee-Pajand and Alamatian performed an error analysis on the DRM and suggested 

another mass matrix as below (Rezaiee Pajand and Alamatian 2010) (MDR1) 
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They also employed new formulation to calculate damping factor. Furthermore, the lowest 

circular frequency is calculated via the following equation (Rezaiee Pajand and Alamatian 2010) 

(MDR2) 
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2.3 Kinetic Dynamic Relaxation method (KDR) 
 

The method of kinetic damping does not require fictitious damping matrix. Hence, only the 

time step and the fictitious nodal masses are required. In this way the time step interval may be 

fixed and the masses estimated from Eq. (8) or Eq. (10). With kinetic energy damping the 

velocities of the joints are set to zero when a fall in the level of total kinetic energy of the structure 

occurs. This fall in the kinetic energy indicates that a peak has been passed. If this peak is detected 

by a fall in kinetic energy at time 1/ 2n   then since the current coordinates are calculated at the 

same time as the velocities, the current coordinates stored in the vectors will be 1/2n
X . If these 

coordinates are adopted as the starting position for the next cycle of calculation then full 

convergence may not necessarily be achieved. The coordinates are set to 1/2n
X  when the peak is 

assumed to have occurred (Topping and Ivanyi 2008). Fig. 1 shows variation of kinetic energy in 

kinetic dynamic relaxation methods. 

1/2 2
1/2 1 3

2 2

n n
n n  
   

X R
X X

M
                        (13) 

When the analysis is restarted, the velocities must be calculated at the mid-point of the first 

time step as follows 

 

 

 
Fig. 1 Variation in kinetic energy in dynamic relaxation algorithm (Cundall 1976) 

 

 
Fig. 2 Trace for a typical kinetic energy peak (Topping and Ivanyi 2008) 
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1/2

2

n n X R
M

                               (14) 

where the residual forces n
R  are calculated from the 1/2n

X  displacement position. The trace for a 

typical kinetic energy peak is shown in Fig. 2. 

 
2.4 Kinetic Dynamic Relaxation with fictitious Time step method (KDRT) 
 
A new time step is developed in this section by performing error analysis on the kinetic DRM 

method (Rezaiee-Pajand and Rezaee 2014). This fictitious time step in each step is shown below 
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where 1
  shows the lowest eigenvalue of the matrix 1M S . According to the Rayleigh’s 

principle, the lowest natural frequency of the dynamic system is estimated from the following 

formula 

 

 
1

T
n n

T
n n

 
X SX

X MX
                                (16) 

 

 

3. Geometric stiffness matrix of three-dimensional membranes 
 

A plane stress problem defines a two-dimensional (x, y) displacement field while a three-

dimensional membrane in general defines a three-dimensional (x, y, z) displacement field. For the 

linear elastic problems, a membrane has no out-of-plane stiffness. That is not true in the nonlinear 

case. Just as the string (truss bar) has a “geometric” stiffness component normal to its axis, the 

nonlinear membrane has an out-of-plane “geometric” stiffness. That effect will be described below 

using the relationship from mechanics which gives the change dF of a force vector F when 

subjected to a small rigid body rotation vector   as (Levy and Spillers 2003, Spillers et al. 1992) 

-  dF F F                                (17) 

This approach is possible since within small strain theory an out-of-plane displacement 

produces no strain in a membrane. According to Eq. (17), it should be clear that small, in-plane (z 

component) rotations are included within the geometric stiffness matrix. It is the effect of out-of 

plane rotations (x, y components) which must be added to the existing formulation to complete the 

three-dimensional model. Given the x, y, z displacement components of the nodes of a typical 

finite element in Fig. 3, where the notations of a, c and e are also indicated, the out-of-plane 

rotation components ,x y    are 
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It only now remains to construct a matrix representation of the incremental forces as in Eq. 

(18), produced by these rotations acting upon the element nodal forces. But since the rotation 

components of Eqs. (19) and (20) are linear in the displacements, the matrix ω can be written as 
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Fig. 3 Triangular finite element in its local coordinate system (Levy and Spillers 2003, Spillers et al. 1992) 
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The required contribution to the geometric stiffness matrix 
*
GK  is then simplified as 
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4. Numerical examples 
 

To study the efficiency of DRM methods, five different schemes summarized in the preceding 

Section 2 (DR, MDR1, MDR2, KDR, and KDRT) are considered. Geometrically nonlinear 

analysis is programmed to analyze these schemes. The initial value of the time step  in the DRM 

procedures is set equal to 1. The acceptable residual errors are the same for all solutions and are 

equal to 10
-4

. Also, the total number of iterations and the analysis durations are recorded for each 

case. These schemes had the same accuracy. However, they require the different number of 

iteration to achieve the desired accuracy. In order to compare these solvers, G(i) as a performance 

index is calculated, as below (Rezaiee-Pajand et al. 2012) 

( ) 0.6 ( ) 0.4 ( )G i T i It i 
 
                            (27) 

where T(i) is the time index and It(i) is the iteration index, which are considered as one of the 

methods that have minimum number of CPU time or iterations. These indexes are between zero 

and one, proportional to minimum values of iterations and time. In this paper, the weight of 0.6 for 

time analysis and 0.4 for the number of iteration are considered. As a result, the index of G(i) is 

obtained for each DRM method, and the method having the maximum value of G(i) is concluded 

as the most efficient method (see the paper by Rezaiee-Pajand et al. (2012) for more details). For 
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comparison, the models for the spherical cap and flat stretched membrane are introduced, as was 

done in the reference of Levy and Spillers (2003) where the models were analyzed using other 

numerical methods (not DRM). In this study, the same spherical cap and flat stretched membrane 

are analyzed using the five DRM methods summarized in Section 2. 
 

4.1 Spherical cap 
 

This example analyses a spherical cap for membrane. Fig. 4 shows a plan view of the analysis 

model.According to the Fig. 4 this model has 25 nodes that are subject to two different loadings. 

The cap has a radius of 4.76 in. (120.9 mm), a central angle of 10.9 degrees and a thickness of 

0.01576 in. (0.4 mm). The Young’s modulus and Poisson’s ratio are 10,000 ksi (6,896.6 MPa) and 

0.3, respectively. For the first loading, the load of 10,000 lb (44.48 kN) is applied at node 1, 

perpendicular to the plane of the membrane and in the positive direction, and for the second 

loaindg, the load of 10,000 lb (44.48 kN) is applied at all internal nodes. The pre-tension force in x 

and y directions are 250,000 psi (1724.14 MPa). The results of the calculations (the number of 

iterations and the CPU time) are listed, and the load-displacement curves for the spherical cap for 

the first and second loadings are shown in the foregoing subsections.  

 
 

 
Fig. 4 Spherical membrane shell (Levy and Spillers 2003) 

 
Table 1 Results of analysis for form-finding of spherical cap under first loading 

Method of analysis 
CPU time 

(sec) 
T(i) Number of iterations It(i) G(i) 

DR 0.79 0.83 594 0.90 0.86 

MDR1 0.71 0.93 569 0.94 0.94 

MDR2 0.66 1 537 1 1 

KDR 1.87 0.37 1347 0.40 0.38 

KDRT 1.96 0.34 1436 0.37 0.35 
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4.1.1 Spherical cap under first loading 
For this example, the form-finding of spherical membrane and load-displacement curve are 

shown in Figs. 5 and 6. The number of iterations in form-finding of this membrane for viscous 

damping methods are less than half of the iterations for the kinetic damping methods. So the 

viscous damping methods appear more stable and faster. 

 

4.1.2 Spherical cap under second loading 
According to Table 2, the G(i) index is greater for viscous damping methods. This 

demonstrates better performance for the method. The form-finding under the second loading for a 

spherical membrane, and the load-displacement curve of this membrane are shown in Figs. 7 and 

8, respectively. 

 

 

 
Fig. 5 (a) Two-dimensional view. (b) Perspective view of form-finding of spherical cap under first loading 

 

 
Fig. 6 Load-displacement curve for spherical cap under first loading (Load in lb and 

Displacement in in.; Conversion: 1 lb=4.448 N and 1 in.=25.4 mm) 
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Table 2 Results of analysis for form-finding of spherical cap under second loading 

Method of analysis 
CPU time 

(sec) 
T(i) Number of iterations It(i) G(i) 

DR 0.51 0.84 401 0.83 0.84 

MDR1 0.51 0.84 386 0.87 0.85 

MDR2 0.43 1 334 1 1 

KDR 2.27 0.19 1686 0.20 0.19 

KDRT 2.07 0.21 1389 0.24 0.22 

 

 
Fig. 7 (a) Two-dimensional view. (b) Perspective view of form-finding of spherical cap under 

second loading 

 

 
Fig. 8 Load-displacement curve for spherical cap under second loading (Load in lb and 

Displacement in in.; Conversion: 1 lb=4.448 N and 1 in.=25.4 mm) 

 

 

4.2 Flat stretched membrane 
 

Fig. 9 shows a plan view of the analysis model. This model has 81 nodes that are subject to 

three different loadings. The material properties of this example are the same as those of the 
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spherical cap example. As was for the first loading, a concentrated load of 10,000 lb (44.482 kN) 

is applied at the center of the membrane. The pre-tension force in x and y directions is 80,000 psi 

(551.72 MPa). For the second loading, only two midpoints of the plan are subject to concentrated 

loadings, and the pre-tension force in x and y directions is 800 psi (5.517 MPa). For this 

membrane, the load of 100 lb (0.4448 kN) is applied. Finally for the third loading, the force is 

applied at all internal nodes; the shapes of all four support sides are parabolic; and the pre-tension 

force is 80,000 psi (551.72 MPa). Results of analysis for these examples are given below. 

 
 
Table 3 Results of analysis for form-finding of flat stretched membrane under first loading 

Method of analysis 
CPU time 

(sec) 
T(i) Number of iterations It(i) G(i) 

DR 8.11 0.96 1312 0.95 0.95 

MDR1 7.91 0.98 1254 0.99 0.99 

MDR2 7.77 1 1240 1 1 

KDR 9.92 0.78 2019 0.61 0.72 

KDRT 10.51 0.74 2018 0.61 0.69 

 

 

 
Fig. 9 Flat stretched membrane (Levy and Spillers 2003) 

 

Fig. 10 (a) Two-dimensional view. (b) Perspective view of form-finding of flat stretched 

membrane under first loading 
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4.2.1 Flat stretched membrane under first loading 
For finding shapes of the flat stretched membrane under the first loading MDR2 has the best 

performance in comparison to others. The form-finding of the flat stretched membrane in positive 

and negative loadings are shown in Fig. 10. 

 

4.2.2 Flat stretched membrane under second loading 
In this case, the performance of viscous damping is similar to the previous examples. However, 

the CPU times that required for nonlinear analysis of this example, in most methods, are equal to 

10 seconds. Figs. 12 and 13 show the form-finding of membrane and load-displacement curve, 

respectively. 

 

 
Table 4 Results of analysis for form-finding of flat stretched membrane under second loading 

Method of analysis 
CPU time 

(sec) 
T(i) Number of iterations It(i) G(i) 

DR 10.70 0.93 1723 0.95 0.94 

MDR1 10.14 0.99 1637 1 0.99 

MDR2 10.00 1 1632 1 1 

KDR 10.89 0.92 2369 0.69 0.83 

KDRT 13.73 0.73 2709 0.6 0.68 

 

 

 
Fig. 11 Load-displacement curve for flat stretched membrane under first loading (Load 

in lb and Displacement in in.; Conversion: 1 lb=4.448 N and 1 in.=25.4 mm) 

 

Fig. 12 (a) Two-dimensional view. (b) Perspective view of form-finding of flat stretched 

membrane under second loading 
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Fig. 13 (a) Load-displacement curve for flat stretched membrane under second 

loading (Load in lb and Displacement in in.; Conversion: 1 lb=4.448 N and 1 

in.=25.4 mm) 

 

 

4.2.3 Flat stretched membrane under third loading 
Both the viscous and kinetic damping methods show good performance in form-finding of this 

loading of the flat stretched membrane. Fig. 14 shows form-finding of this example. The nonlinear 

behaviour for this membrane is depicted in Fig. 15. 

 

 
Table 5 Results of analysis for form-finding of flat stretched membrane under third loading 

Method of analysis 
CPU time 

(sec) 
T(i) Number of iterations It(i) G(i) 

DR 8.77 0.95 1209 0.95 0.95 

MDR1 8.44 0.99 1156 0.99 0.99 

MDR2 8.34 1 1143 1 1 

KDR 12.54 0.67 2107 0.54 0.62 

KDRT 8.54 0.98 1200 0.95 0.97 

 

 
Fig. 14 (a) Two-dimensional view. (b) Perspective view of form-finding of flat stretched 

membrane nder third loading 
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Fig. 15 Load-isplacement curve for flat stretched membrane under third loading (Load in 

lb and Displacement in in.; Conversion: 1 lb=4.448 N and 1 in.=25.4 mm) 

 

 

5. Conclusions 
 
Solving the system of equations can be divided into two groups. The first uses matrix 

operations to solve equations, while the second group is the iterative process by which the initial 

response is improved. One of these iteration methods is the dynamic relaxation. In this article, 

different methods of the dynamic relaxation for nonlinear analysis which are required in finding 

shapes of membrane structures are studied. The run time of analysis of dynamic relaxation 

methods is in the range of a few seconds. According to the results of the analysis, dynamic 

relaxation methods with viscous damping are better than those with kinetic damping, as 

demonstrated by the performance index. The viscous damping methods require less time and 

number of iterations. In other words, the viscous damping methods have better performance than 

kinetic damping in finding shapes of membrane structures. Additionally, among the viscous 

damping methods investigated, the rate of convergence is increased the most by considering the 

damping and mass in the algorithms proposed by Rezaiee-Pajand and Alamatian (2010), which is 

the Modified Dynamic Relaxation method. Therefore, this method is suggested in this study as the 

best method among five DRMs that are available for form-finding of membrane structures. 
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