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Abstract.  In this research, the aeroelastic instability of a tail section manufactured from aluminum isotropic 
material with different shell thickness investigated. For this purpose, the two degrees of freedom flutter analytical 
approach are used, which is accompanied with simulation by finite element analysis. Using finite element analysis, 
the geometry parameters such as the center of mass, the aerodynamic center and the shear center are determined. 
Also, by simulation of finite element method, the bending and torsional stiffnesses for various thickness of the airfoil 
section are determined. Furthermore, using Lagrange’s methods the equations of motion are derived and modal 
frequency and critical torsional/bending modes are discussed. The results show that with increasing the thickness of 
the isotropic airfoil section, the flutter and divergence speeds increased. Compared of the obtained results with other 
research, indicates a good agreement and reliability of this method. 
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1. Introduction 
 

The flutter is a dangerous phenomenon encountered in flexible structures subjected to 

aerodynamic forces. This includes aircraft, buildings, telegraph wires, stop signs and bridges. The 

flutter occurs as results of mutual interaction of aerodynamic, structural and inertial forces, which 

can result in limitations in the operational condition or catastrophic failure of the aircraft. In an 

aircraft, as the speed of the wind increases, there may be a point at which the structural damping is 

insufficient to damp out the motions which are increasing due to aerodynamic energy being added 

to the structure. This vibration can cause structural failure and therefore considering flutter 

characteristics is an essential part of designing an aircraft. 

The aerodynamic loads on the wings, tails, and blades often tolerate by the main spar structure 

that mostly manufactured of laminated composite materials. The aeroelasticity of a suspension 

bridge (Ding et al. 2002, Diana et al. 2004, Borri and Costa 2004) and nonlinear behavior in fluid-

structure interaction of bridge decks (Grinderslev et al. 2018) have investigated. The flutter 

phenomena and aeroelastic stability of beam (Marzani and Viola 2003, Wang 2003) and plate 
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(Mousavi and Yazdi 2019) have studied. 

The dynamic stability of laminated composite plates using the ant colony optimization 

algorithm (Shafei and Shirzad 2017), the non-linear stability and elasto-plastic analysis of the 

composite structure (Cai et al. 2017), stability analysis of sandwich and functionally graded beams 

(Eltaher and Mohamed 2020), stability of cylinder (Taheri-Behrooz and Omidi 2018), shell (Lair et 

al. 2019) and plates (Mahmoud and Tounsi 2019) were studied presented in recent years. 

An aerodynamic control method of the wind-induced instabilities of a long-span bridge was 

investigated by Omenzetter et al. (Omenzetter et al. 2000) They developed a mathematical model 

of aerodynamic passive control for suppression of wind-induced vibration in bridges and proposed 

critical wind speed and system's degree of stability to find the optimum configuration for control 

system (Omenzetter et al. 2000). Mastroddi et al. (Mastroddi et al. 2011, Dillinger et al. 2013) 

optimized the wing structures using the analytical model and finite element analysis for structural 

behaviors, flight dynamics and aeroelasticity operations. Also, the stiffness of the lower and upper 

shells of a composite wing were optimized by Dillinger et al. (Mastroddi et al. 2011, Dillinger et 

al. 2013). They used the in-plane and bending stiffness and laminate thicknesses as design 

variables, and mass, strength, buckling, aerodynamic twist, and aileron effectiveness are 

optimized. Stodieck et al. (Stodieck et al. 2017, Li et al. 2020) were used tow-steered composites 

in upper and lower wing skins with laminate thickness and rotation angle variables to model the 

aeroelastically tailored of wing-box. 

The aeroelasticity behaviors of wind turbine blades have attracted researchers’ attention. Li et 

al. (Li et al. 2020) investigated the aerodynamic and aeroelastic characterization of flexible wind 

turbine blades under periodic unsteady inflows as including the wind shear, tower shadow, and 

yawed inflow. The numerical and analytical investigation of composite wind turbine blades based 

on FAR and JAR standards using two degrees of freedom flutter carried out by Ghasemi et al. 

(Ghasemi et al. 2014, Ghasemi and Mohandes 2016). They have not examined the airfoil 

parameters as torsional and bending stiffness, and simulated 3-D composite blades using finite 

element methods. Evans et al. (Evans et al. 2018) were studied the aeroelastic behavior of a small 

horizontal-axis wind turbine and developed a model based on blade and tail fin aerodynamic 

effects, blade and tower structural response, and variable speed control but did not more attention 

to airfoil section of the blades and torsional-bending coupling of the rotor. 

In this research with more attention to coupled bending-torsional vibrations, the aeroelasticity 

behavior and flutter speed of a V-tail aircraft are studied. The geometry parameters of airfoil 

section as: center of mass, the aerodynamic center and the shear center are determined using the 

ANSYS commercial software. Then using simulation the symmetric airfoil and apply aerodynamic 

loading for various skin thicknesses, the bending and torsional stiffnesses are determined. Finally, 

using Lagrange’s methods the equations of motion are derived and modal frequency and critical 

torsional/bending modes are discussed. Furthermore, the results of this coupled model have been 

compared with the resulted that obtained from other formulation and verified. 

 

 

2. Problem descriptions and governing equations 
 

2.1 Geometrical parameters 
 

In this research, the aeroelastic behavior and flutter analysis of a V-tail aircraft have 

investigated. The airfoil section of the tail is shown in Fig. 1 and geometrical parameters are  
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Fig. 1 Geometry of the tail typical section with aeroelastic points 

 

 
Fig. 2 Tail section with two degrees of freedom and bending/torsional spring stiffnesses 

 

 

detected. The chord length is C and the half of chord determined as b in this figure. The points AC, 

SC and CG refer to the aerodynamic center, shear center or reference point in the flutter analysis 

and the center of gravity, respectively. The location of the point AC and CG are determined using 

dimensionless parameters e and a that shown in Fig. 1, which xθ = e − a. When these parameters 

are zero, the point lies on the mid chord, and when they are positive/negative, the points lie toward 

the trailing/leading edges. 

The wing structural bending and torsional stiffnesses are modeled using discrete linear spring 

as shown in Fig. 2 (Ghasemi et al. 2014, Ghasemi and Mohandes 2016, Hodges and Pierce 2011). 

For V-tail that has a smooth taper in the aircraft, the length of chord in the mid-length of the tail is 

selected for analysis and the bending and torsional stiffnesses are determined based on material 

properties and thickness of the skin-airfoil. 

 

2.2 Governing equations 
 

For the flutter analysis, the equations of motion are derived using Lagrange’s equations 
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(Hodges and Pierce 2011). For this object the center offset of mass denoted by Eq. (1) and the 

kinetic and potential energies are determined by Eqs. (2) and (3) as following: 

𝑥𝜃 = 𝑒 − 𝑎        −1 ≤ 𝑒 ≤ +1        −1 ≤ 𝑎 ≤ +1 (1) 

𝑃 =
1

2
𝑘ℎℎ2 +

1

2
𝑘𝜃𝜃2 (2) 

𝐾 =
1

2
𝑚𝑣𝑐 . 𝑣𝑐 +

1

2
𝐼𝐶𝐺𝜃̇2 (3) 

In the above equations kh, kθ, m and ICG are bending stiffness, torsional stiffness, mass and 

moment of inertia about center of gravity, respectively. Also, h, θ, vc and θ are linear displacement, 

rotational angle of two degrees of freedom and velocity of them, respectively.  
Using simplicity in Lagrange's Eqs. (2) and (3), for the aerodynamics behavior of the airfoil 

section, the equation of motion can be re-written as follows: 

𝑚(ℎ̈ + 𝑏𝑥𝜃𝜃̈) + 𝑘ℎℎ = −𝐿 (4) 

𝐼𝑠𝑐𝜃̈ + 𝑚𝑏𝑥𝜃ℎ̈ + 𝑘𝜃𝜃 = 𝑏 (
1

2
+ 𝑎) 𝐿 (5) 

 (6) 

where L, ρ∞ and U denoted to the lift aerodynamic force, air density and air speed, respectively. 

Also, ISC = ICG + mb2x2
θ (Ghasemi et al. 2014, Hodges and Pierce 2011). By noting to the natural 

bending and torsional frequency in the zero speed, we have: 

𝜔ℎ = √
𝑘ℎ

𝑚
                            𝜔𝜃 = √

𝑘𝜃

𝐼𝑆𝐶
 (7) 

To simplify the problem, we consider the following four dimensionless variables as follows: 

                  

(8) 

where r, σ, μ and V are the dimensionless radius of gyration of the airfoil section about the shear 

center SC, ratio of the uncoupled bending to torsional frequencies, the model mass to the mass of 

the air affected by the model, and reduced velocity as the dimensionless free stream speed of the 

air, respectively. 

The response of the linear displacement (h) and rotational angle (θ) can be assumed as 

exponential form and with the substitutions h = ℎ̅evt and θ = 𝜃̅evt yielding: 

 
(9) 

 22 bUL =

2

2

mb

I
r SC=




 h=

2b

m






=
b

U
V =









=





































+−+

++

−

−

0

0

)
2
1(

222222

2
2222







b

h

aVrrsxs

Vxss

72



 

 

 

 

 

 

An analytical approach for aeroelastic analysis of tail flutter 

To obtain a nontrivial solution, the determinant of the coefficient matrix must be set equal to 

zero. There are two complex conjugate pairs of roots, that S1,2 = (Γ1,2 ± iΩ1,2) / ωθ. For a given 

airfoil section, the behavior of the real and imaginary part of the complex roots as functions of V 

are calculated and discussed. The dynamic instability referred to as flutter, for which Γk ≥ 0, Ωk ≠ 

0, and the unstable condition for Ωk = 0, and the divergence boundary occurs when Γk = Ωk = 0 

(Hodges and Pierce 2011). The smallest value of V gives divergent oscillations, whose value is VF 

= UF / bωθ, where UF is the flutter speed. 

In the next section, this formulation has applied for a V-tail hollow airfoil section (a thin wall 

section without spar). The aeroelastic stability and flutter speed are investigated for different 

materials and various thicknesses, and for this real section has obtained and discussed. 

 

 

3. Results and discussions 
 

3.1 Geometrical parameters analysis 
 

Various thicknesses and different materials as isotopic materials are investigated in this 

research and compared with thicknesses in real V-tail section. The thicknesses of the skin 

suggested as 0.5, 1, 1.5 and 2 mm in Table 1. The chord length of the airfoil is C = 431 mm, and 

the aerodynamic parameters are determined and presented in Table 1 using ANSYS commercial 

software. It should be noted that, 𝑎 and xθ = e − a are dimensionless parameters in this Table. 

Also, C.G, S.C, A and ISC denoted to the center of gravity, shear center, area of airfoil and inertia 

about shear center, respectively. 

To determine the bending/torsional stiffnesses using finite element method a new approach is 

employed. The value of the flexural wing section is the ratio of the force applied at the bending 

section to the value of deflection of that section relative to the root section. Also, the torsional 

stiffness of the wing is calculated as the ratio of the momentum to the angular rotation of the 

airfoil section. The torsional momentum produced by a pair of vertical forces applied to a frame 

fixed at the measuring section (Aleksandrowicz and Lucjanek 1958). 

A two-dimensional reference section airfoil is shown in Fig. 3(a), that bending/torsional loading 

were applied to obtain bending/torsional stiffnesses of the thin airfoil section of the tail. For 

bending stiffness, the values of tail stiffness are the ratio of the force Fh applied at the bending 

section to the value of deflection relative to root (h) as shown in Fig. 3(b). The torsional stiffness is 

the ratio of the bending moment Mθ applied at the root section to the angle of rotation of the 

reference section relative to the root section (θ) as shown in Fig. 3(c) and mentioned in Eq. (10). 

𝑘𝜃 =
𝑀𝜃

𝜃
           𝑘ℎ =  

𝐹ℎ

ℎ
 (10) 

 

 
Table 1 Geometric dimensions of hollow-airfoil section based on different thicknesses 

Thickness: t (mm) C.G (mm) from LE S.C (mm) from LE A (mm2) ISC (m4) e a 

0.5 210.723 111.260 430.7 2.96E-02 -2.22E-02 -4.84E-01 

1 208.093 116.398 849.1 5.40E-02 -3.44E-02 -4.60E-01 

1.5 206.045 119.840 1258.7 7.57E-02 -4.39E-02 -4.44E-01 

2 204.324 122.792 1661.0 9.51E-02 -5.19E-02 -4.30E-01 
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(a) Finite element geometry of the section tail 

 

 
(b) Apply bending momentum to determine 

bending stiffnesses 
(c) Apply twist momentum to determine torsional 

stiffnesses 

Fig. 3 Approach for determination of bending / torsional stiffnesses 

 
Table 2 Mechanical properties of aluminum isotropic materials 

Materials E (GPa) ν (GPa) ρ (kg/m3) 

Al 70 0.3 2700 

 

 

The finite element simulation as shown in Fig. 4, for various thicknesses and different materials 

have applied and bending/torsional stiffnesses are obtained. Various thicknesses as 0.5, 1, 1.5 and 

2 mm have studied, and aluminum isotropic material have discussed. Mechanical properties of 

aluminum isotropic material are mentioned in Table 2. The E, ν and ρ denoted to elastic modulus, 

Poisson's ratio and density of aluminum metal. 

For various thicknesses of aluminum, the bending and torsional stiffnesses, the bending and 

torsional frequencies and ratio of the uncoupled bending to torsional frequencies have determined 

and mentioned in Table 3. The results in Table 3 show that although the change of bending 

frequency is small, but the change of torsional frequency is significant. 
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(a) Bending stiffnesses (b) Torsional stiffnesses 

Fig. 4 Finite element simulation analysis to obtain  

 
Table 3 Bending and torsional characterization of the thin-airfoil section for various thicknesses of isotropic 

materials 

Thickness: t (mm) kh (N/m) kθ (N.m/rad) ωh(Hz) ωθ (Hz) σ 

0.5 20792.3 9698.6 133.7 572.1 0.234 

1 40816.3 18797.0 133.4 589.8 0.226 

1.5 59701.5 27252.9 132.6 600.2 0.221 

2 77821.0 35112.4 131.7 607.8 0.217 

 

 

3.2 Flutter analysis of tail section 
 

After determining the geometrical and physical parameters of airfoil section, the flutter analysis 

of isotropic sections is investigated. For this purpose, using the quasi-steady method for two 

degrees of freedom of the airfoil, the flutter speeds results in incompressible flow for aluminum 

materials based on governing equations are calculated and plotted. 

 

3.3 Flutter of aluminum skin 
 

In this section to study the flutter speed, we consider a specific section of an aluminum V-tail 

section. Substituting the aluminum parameters to the governing equations, the behavior of the 

complex roots as functions of V to find of divergent and flutter speed is investigated. Plots of the 

real and imaginary parts of the roots versus V are shown in Figs. 5 and 6, respectively. The real 

part of modal frequencies is shown the modal damping and divergence speed as plotted in Fig. 5. 

This figure shows that when the skin thickness increases, divergence speed will increase.  

By the imaginary part of the modal frequency solution, the main graph of the flutter speed is 

obtained and plotted in Fig. 6. The Fig. 6, demonstrated both flutter and divergence speeds. Flutter 

point is located in torsional and bending (plunging) modal frequency coalesce. The results of 

divergences and flutter speed for the aluminum shell with different thicknesses in km/h are derived 

and mentioned in Table 4. These results show that with increasing the thickness, the divergences 

speed and flutter speed have increased. 
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Fig. 5 The imaginary part of modal solution, indicate the modal frequency versus V for aluminum shell 
 

 
Fig. 6 The imaginary part of modal solution, indicate the modal frequency versus V for aluminum shell 
 

Table 4 Flutter and divergence speeds for aluminum section 

Thickness: t (mm) 0.5 1 1.5 2 

V- Flutter (km/h) 928 1310 1603 1853 

V- Divergence(km/h) 1260 1841 2234 2555 

 

 

3.4 Discussion and comparisons 
 

The results of Table 4, for various thicknesses of isotropic materials, is remarkable. The flutter 

speed versus the shell thickness for different types of sections is calculated and shown in Fig. 7.  
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Fig. 7 Comparison the flutter speed versus the shell thickness sections 

 
Table 5 Discrepancy of flutter speeds for an aluminum section between results obtained from this research 

and primary equation (Eq. (11)) (Kumar et al. 2020) 

Skin thickness (mm) 0.5 1 1.5 2 

Flutter speed (km/h) (this study) 928 1310 1603 1853 

Flutter speed (km/h) (NACA RM L7G02) 858 1210 1471 1686 

Discrepancy (%) 7.5% 7.6% 8.2% 9.0% 

 

 

The results show that with increasing the thickness of shell section the flutter speed increased 

and from 928 km/h for 0.5 mm shell thickness raised to 1853 km/h for 2 mm shell thickness. 

 

3.5 Validation 
 

In this section, the analytical- numerical coupled model of the flutter in tail section based on the 

bending– torsional coupling is validated with an approximate model (Budiansky et al. 1947). As 

this presented equation based on torsional stiffness, therefore it is conservative. It is rewritten 

according to this research symbols as follows: 

𝑉𝑓 = 𝑏. 𝜔𝜃√ 
𝑟𝑓

2

𝑘𝑓
 

1
2

1
2 + 𝑒

 (11) 

where kf is the ratio of the mass of air (for diameter cylinder equal to the chord of the wing) to the 

mass of the wing, that both of them are taken for the length equals the span of the wing. Also, rf is 

the ratio of mass radius of gyration referred to shear center to the half- chord of the airfoil section. 

The calculated flutter speed obtained in this research can be compared to the results obtained 

from Eq. (11). These results for an aluminum section for various thicknesses based on primary Eq. 

(11) and results of the coupling-torsional coupling in this research are presented in Table 5. These 
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results show that this approach has good agreements with other methods, and percent discrepancy 

between these two methods are less than 10%. As the primary Eq. (11) based on torsional 

stiffnesses and disregarding the bending stiffnesses, it seems that this discrepancy between results 

is not out of reality and is acceptable for validating this research results. 

 

 

4. Conclusions 
 

Using the quasi-steady method for two degrees of freedom of airfoil section for the V-tail of 

aircraft, the divergence and flutter speeds in the incompressible flow were calculated and 

discussed. The method is based on the bending-torsional coupling of the V-tail section of the 

aircraft. The geometry and physical parameters as the aerodynamic center, shear center, mass 

center, bending, and torsional frequencies are determined using the simulation method in ANSYS 

finite element commercial software. Furthermore, for various thicknesses, the divergence and 

flutter speed are obtained and discussed. Also, the results compared with the primary equation in 

the literature. Based on the results of this work, the following conclusions were obtained: 

• For an isotropic material, with increasing the thickness the bending and torsional stiffnesses 

are increased, but only the change of torsional frequency is significant.  

• Using finite element analysis the geometry parameters and bending/torsional momentums can 

be obtained. 

• With increasing the shell thickness the flutter and divergence speeds were increased. 

• In the bending–torsional coupling method of V-tail section the torsional stiffnesses and 

frequencies are more effective than bending stiffnesses and frequencies. 

The primary equations for estimating flutter speed based on torsional stiffness predicted the 

values of flutter speed about 10% lower than with determined in this research. 
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