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Abstract.  In this paper, the optimum location of the belt truss-outrigger for a combined system of framed tube, 
shear core and outrigger-belt truss is calculated. The optimum location is determined by maximization of the first 
natural frequency. The framed tube is modeled using a non-prismatic cantilever beam with hollow box cross section. 
The governing differential equation is solved using the weak form integral equations and the natural frequencies of 
the structure are calculated. The graphs are introduced for quick calculation of the first natural frequency. The location 
of the belt truss-outrigger that maximizes the first natural frequency of the structure is introduced as an optimum 
location. The structure is modeled using SAP-2000 finite elements software. In the modelling, the location of the belt 
truss-outrigger is changed along the height of the structure. With various locations of the outrigger, the lateral 
deflection of the all stories and axial force in the columns of the outer tube are calculated. The analysis is repeated by 
locating the outrigger-belt truss at the optimum location. The analysis results are compared and effect of the optimum 
location on the lateral deflection and the shear lag phenomena are investigated.  
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1. Introduction 

 

In recent years, tubular building has been accepted as an economical and developed structural 

system. The dynamic behaviors of structural systems can be estimated by Eigen frequency which 

describes structural stiffness. In general, maximizing the first-order Eigen frequency can be an 

objective for dynamic topology optimization problems since stiffness of structures also increases 

when Eigen frequency increases (Lee et al. 2012, Pedersen 2000). The problem of optimum 

reinforcement of a structure to alter its response in free vibration has been considered (Diaz and 

Kikuchi 1992). In this paper, the goal was to increase the fundamental frequency of a two-

dimensional structure. Minimum compliance, or maximum stiffness, is a commonly selected 

objective, which can be used in its own merit and also as a surrogate to explore other metrics, such 

as buckling and stability, natural frequencies, Eigen modes, second order effects, etc., depending 
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on the problem being explored (Beghini 2014). The optimization problem has been formed based 

on a preselected value for the fundamental natural frequency, and it has been formulated for 

minimum structural weight (Alavi et al. 2018). A dynamic analysis of the combined system of 

framed tube and shear walls by Galerkin method using B-spline functions has been presented 

(Rahgozar et al. 2015). Analytic analyses have been carried out on the basis of the principle of 

minimum potential energy (Rahgozar et al. 2014, Malekinejad et al. 2016). In these papers, a 

continuous-discrete approach based on the concept of lumped mass and equivalent continuous 

approach has been proposed. A new and simple solution for determining the natural frequencies of 

framed tube combined with shear-walls and tube-in-tube systems has been presented 

(Mohammadnejad and Haji Kazemi 2018). The weak form integral equations have been presented 

for calculation of the natural frequencies of a combined system of the framed tube, shear core and 

outrigger-belt truss (Mohammadnejad and Haji Kazemi 2017). The optimal position of outriggers 

on the base of the structural roof deflection has been obtained (Zhou et al. 2016). In this paper, the 

theoretical method of inter-story drift-based optimal location of outriggers has been presented. The 

optimum location of the outrigger braced high-rise shear walls has been determined 

(Hoenderkamp 2008). The seismic behavior of outrigger-braced building considering the soil-

structure interaction based on finding the best location of outrigger and belt truss system has been 

investigated (Tavakoli et al. 2019). The effect of blast phenomenon on the best location of belt 

truss system has been investigated (Tavakoli et al. 2018). The optimum location of a flexible 

outrigger system based on maximizing the outrigger-belt truss system’s strain energy has been 

determined (Kamgar and Rahgozar 2017). The first natural frequency of tall buildings including 

framed tube, shear core, belt truss and outrigger system with multiple jumped discontinuities in the 

cross section of framed tube and shear core has been determined (Kamgar and Saadatpour 2012). 

Many researchers have investigated free vibration of the tall structures and optimization problems 

using various approaches (Malekinejad and Rahgozar 2013, Akbulut et al. 2020, Karimi et al. 

2020, Gholipour and Mazloom 2018, Tejani et al. 2017, Mortazavi and Toğan 2017, Kaveh and 

Ilchi Ghazaan 2016, Farghaly 2016, Kaviani et al. 2008, Lee et al. 2008, Hoenderkamp 2003). 

 

 

2. Formulation and solution 
 

By applying Hamilton principle, the governing differential equation of motion of framed tube is 

obtained as follows (Malekinejad and Rahgozar 2012): 

2 2 2

[ (x) W(x, )] [ (x) W(x, )] (x) W(x, ) 0, 0
2 2 2

GA t EI t m t x L
x x x x t

    
− − =  

    
 (1) 

In which, W(x,t), L, m(x), EI(x) and GA(x) are lateral deflection of framed tube, height of the 

structure, the mass per unit length, flexural stiffness and the shear stiffness of the framed tube, 

respectively. The flexural stiffness EI(x) depends on both modulus of elasticity E and inertia 

moment of the cross-section I(x). The shear stiffness GA(x) depends on both shear modulus of 

elasticity G and cross-sectional area A(x). In another research paper (Mohammadnejad and Haji 

Kazemi 2017), we have used the weak form integral equations approach in order to solve the Eq. 

(1) and to calculate the natural frequencies of the framed tube. We obtained the following system 

of linear algebraic equations: 

In Eq. (2), R is a given positive integer, which is adopted such that the accuracy of the results 
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are sustained. r and m are positive integers which change between 0 to R to construct the 

functions 2F (m,r), 3F (m,r), 4F (m,r) 5F (m,r) and G(m,r). rc is the unknown coefficient corresponding 

to selected r. The functions 2F (m,r), 3F (m,r), 4F (m,r) 5F (m,r) and G(m,r) are obtained as follows: 
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In which: 
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And 
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(5) 

In this relation, s  and ξ are the non-dimensional location parameters (ξ = x
L

). The system of 

linear algebraic equations (2) may be expressed in matrix notations as follows: 
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(6) 

In which [A] and [C] are coefficients matrix and unknown vector, respectively. The only 

unknown parameter in the coefficient matrix [A] is the natural frequency of the tall structure  . 

[C]=0 is a trivial solution for the resulting system of equations introduced in (6). The natural 

frequencies are determined through calculation of a non-trivial solution for resulting system of 

equations. To achieve this, the determinant of the coefficients matrix of the system has to be 

vanished. Accordingly, a frequency equation in   is introduced. The roots of the frequency 

equation are the natural frequencies of tall structure. 

 

 

3. Novelty of the presented approach 
 

In the previous research papers, various approaches have been presented for calculation of the 

optimum location of outrigger. For example, minimizing the lateral deflection of the roof or base 

moment and maximizing the strain energy of the rotational spring. In the presented approach in 
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this paper, the optimum location of the outrigger is determined by maximization of the first natural 

frequency of the structure. The location of the outrigger that maximizes the first natural frequency 

of the structure has been introduced as an optimum location. Maximization of the first natural 

frequency of the structure maximizes the overall stiffness of the structure. Maximization of the 

overall stiffness results in minimum lateral deflection in all stories. This new optimization idea is 

independent of the lateral load pattern. 

 

 

4. Variations of the first natural frequency with variations of the location of the 
outrigger 

 

The following parameters are introduced for convenience: 

2

2

0 1
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L

EI

m
L
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 (7) 

In which α, β, K and  place of outrigger are the parameters corresponding to the stiffness of 

the structure, mass, stiffness of the outrigger and non-dimensional location of the outrigger, 

respectively. Parameter α has been changed between 0 to 20. α=0 is associated to the structure with 

only shear behavior and α=20 is associated to the structure with only bending behavior. It has been 

assumed that the structure has two outriggers, one outrigger is assumed that has fixed location at 

the roof of the structure and location of the second one is assumed that changes along the height of 

the structure.  

For each value of α (0≤α≤20), the location of the second outrigger has been changed between 0 

to H and the first natural frequency of the structure has been calculated.  

The variations of the first natural frequency with variations of the location of the second 

outrigger has been presented in the Fig. 1. The results have been presented for 0 20  . 

In order to compare the results of Fig. 1, α=0,6,12 and 20 has been considered and the 

corresponding results obtained have been compared in Fig. 2. Boundary value α=0 corresponds to 

the structures with only shear behavior. α=20 corresponds to the structures with only bending 

behavior. While, 4≤α≤16 is associated with shear-bending behavior. 

 

 

5. Optimum location of the outrigger 
 

The peak point of each graph is the location of the outrigger that maximizes the first natural 

frequency of the structure. Each graph corresponds to a value of α. The peak point presents the 

optimum location of the outrigger for corresponding value of α. Using presented graphs in the Fig.  
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Fig. 1 Variations of the first natural frequency with variations of the location of the second outrigger 

 

 

1, the optimum location of the outrigger has been calculated for each value of α. The variations of 

the optimum location of the second outrigger with variations of the parameter α has been presented 

in the Table 1. 

The “fmincon” function of MATLAB program has been used to verify the results of Table 1. 
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Fig. 2 variation of optimum location for α=0,6,12,20 

 
Table 1 The variation of the optimum location of the second outrigger with variation of the α 

10 9 8 7 6 5 4 3 2 1 0 α 

0.29 0.3 0.32 0.34 0.36 0.39 0.43 0.49 0.58 0.72 0.78 
optH

H  
 20 19 18 17 16 15 14 13 12 11 α 

 0.17 0.18 0.19 0.2 0.21 0.22 0.23 0.25 0.26 0.27 
optH

H  
 

 

“fmincon” attempts to find a constrained minimum of a scalar function of several variables starting 

at an initial estimate. This is generally referred to as constrained nonlinear optimization or 

nonlinear programming (MATLAB 7.9.0 R2009b). In this paper the constrained function is 

“Frequency equation” of the free vibration analysis of the structure based on the location of two 

outriggers. The matrix of constrain functions of the optimization problem are location of the 

outriggers which should be between 0 to H and maximization of first natural frequency obtained 

from frequency equation abovementioned. The results of Table 1 have been presented in the Fig. 3. 

Boundary value α=0 corresponds to the structures with only shear behavior. Also, boundary value 

α=20 corresponds to the structures with only bending behavior. For 0≤α≤4 (the structures with 

only shear behavior), the results of Fig. 3 present the optimum location of the second outrigger 

approaches to the roof of the structure. While, for 16≤α≤20 (the structures with only bending 

behavior) the optimum location of the second outrigger approaches to the base of the structure. 

And for 4≤α≤16 (the structures with shear-bending behavior) the optimum location of the second 

outrigger varies between 0.43 H to 0.21 H. H opt  is calculated from the base of the structure. 
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6. Structure behavior with outrigger in the optimum location 
 

In this section, the framed tube combined with shear core, outrigger-belt truss is modelled in 

the SAP-2000 finite elements software. It is assumed that the first outrigger has a fixed location at 

the roof of the structure and location of the second outrigger is changed along the height of the 

structure (Fig. 4). 

The structure is analyzed under uniform lateral wind load. The location of the second outrigger 

is changed along the height of the structure and for each location of the second outrigger, the 

analysis is carried out. Also, the optimum location of the outrigger which maximizes the first 

natural frequency of the structure has been determined. The outrigger is located at the optimum 

location and the analysis is repeated. For each analysis, the lateral deflection of the all stories and 

the axial force in the columns of the web and flange frames are calculated. Flange frame refers to 

the perimeter columns that are perpendicular to the lateral load direction and web frame refers to 

those that are parallel with the lateral load (Fig. 5). The obtained results are compared and a 

discussion on the results are presented. 

 

6.1 The properties of the modelled structure 
 
A 40-stories tall concrete framed tube combined with shear core and outrigger-belt truss is 

analyzed using SAP-2000 finite elements software. The structure properties are as follows: story 

height 3 m, plan dimensions 30 m × 35 m, the size of the beams, columns and outrigger-belt truss 

elements 80 cm × 80 cm, modulus of elasticity E = 2 × 109 kg/m2, shear modulus of elasticity G = 

8 × 108 kg/m2 poisson's ratio ν = 0.25, the concrete volumetric mass density ρ = 2400 kg/m3, the 

thickness of the roof slab 30 cm, the dimensions of the shear core 5 m × 5 m, the thickness of the 

shear core 25 cm, the center-to-center distance of the perimeter columns 2.5 m, the height of the 

 
Fig. 3 The variation of the optimum location of the second outrigger with variation of the α 
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Fig. 4 The structure with a fixed outrigger-belt truss at the top and an outrigger-belt truss 

with variable location along the height 

 

 
Fig. 5 Plan of the modelled structure and lateral load direction 

 

 

outrigger-belt truss structure 6 m. The structure has two outrigger-belt trusses. It is assumed that 

the first outrigger has a fixed location at the roof of the structure and location of the second 

outrigger is changed along the height of the structure. The properties of the structure have been 

presented in the Figs. 5 and 6. 
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Fig. 6 The properties of the modelled structure 

 

 

6.2 The analysis results 
 
6.2.1 The optimum location of the outrigger 
In the modelling, the first outrigger has a fixed location at the roof of the structure and location 

of the second outrigger has been changed along the height of the structure. The location of the 

outrigger which maximizes the first natural frequency of the structure is considered as optimum 

location. This location has been determined as H opt =0.3 H.  

The location of the second outrigger has been changed between 0.1 H to 0.9 H. For each 

location of the second outrigger, the lateral deflections of the all stories and the axil force in the 

web and flange columns of the structure have been calculated. Also, the second outrigger has been 

located at the optimum location H opt =0.3 H and the mentioned analysis has been repeated.  

 

6.2.2 Lateral deflection of the stories 
The lateral deflection of all stories has been presented in the Fig. 7. The continuous line 

presents the lateral deflection of the stories when the second outrigger has been located at the 

optimum location. The analysis results present the lateral deflection of the all stories has been 

minimized when the second outrigger has been located at the optimum location H opt  = 0.3 H. 

 
6.2.3 Axial force in the columns of the web and flange panels 
Ideal cantilevered behavior of the framed tube results in uniformly distributed axial force in the 

columns of the flange panel and linearly distributed axial force in the columns of the web panel. 

The shear lag phenomena cause a cubic and parabolic distribution of the axial force in the columns 

of the web and flange panels, respectively. Various methods have been presented for decrease of 

the shear lag in the framed tubes. Decrease of the shear lag results in more uniform distribution of 

the axial force in the columns of the flange panel. 
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Fig. 7 Lateral deflection of the structure with various locations of the second outrigger 

 

 
Fig. 8 Axial force in the columns of the flange panel with various locations of the second outrigger 

 

Similar to the previous section, the location of the second outrigger has been changed along the 

height. For each location, the axial force in the columns of the flange panel has been calculated. 

Also, the analysis has been repeated when the second outrigger has been located in the optimum 

location. By changing the location of the second outrigger, the distribution of the axial force in the 

flange columns changes. Fig. 8 presents the distribution of the axial force in the columns of the 

flange panel for various locations of the second outrigger. 

In the Fig. 8, the continuous red line presents the distribution of the axial force in the columns 

of the flange panel when the second outrigger has been located at the optimum location. The 

results of the analysis present when the second outrigger is located in the optimum location, the 

distribution of the axial force is more uniform. This result proves optimum location of the 

outrigger can decrease the shear lag phenomena in the framed tube. 
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Fig. 9 Lateral displacement of roof under El Centro earthquake 

 

  
Fig. 10 Variation of lateral displacement of roof, base shear and base moment with location of outrigger 

under El Centro earthquake 

 

 
Fig. 11 variation of axial stress in the outer columns with location of outrigger under El Centro earthquake 
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6.2.4 Time-history analysis 
In order to investigate the response of the structure under earthquake, a time-history analysis 

has been carried out under El Centro earthquake. The lateral displacement of Roof has been 

calculated and presented in the Fig. 9. 

Fig. 10 shows the variation of lateral displacement of roof with location of outrigger. If the 

minimizing of roof displacement be considered, the optimum location of outrigger is 0.8 H. Also, 

Fig. 10 presents the variation of Base Moment and Base Shear with location of outrigger. If 

minimizing the base moment or base shear be considered, the optimum location of outrigger is 0.9 

H. 

The optimum location of outrigger based on the minimizing the axial stress in the outer 

columns has been presented in Fig. 11. This result show that the axial stress in the outer columns is 

minimized when the location of outrigger is 0.8 H. 

 

 

7. Conclusions 
 

The optimum location of the belt truss-outrigger for a combined system of framed tube, shear 

core and outrigger-belt truss has been calculated. The optimum location has been determined by 

maximization of the first natural frequency. The location of the belt truss-outrigger that maximizes 

the first natural frequency of the structure has been introduced as an optimum location. For 

structures with only shear behavior, the optimum location of the second outrigger was approached 

to the roof of the structure. While, for structures with only bending behavior, the optimum location 

was approached to the base of the structure. And for structures with shear-bending behavior, the 

optimum location of the second outrigger varied between 0.43 H to 0.21 H. With various locations 

of the outrigger, the lateral deflection of the all stories and axial force in the columns of the outer 

tube have been calculated. The analysis was repeated by locating the outrigger-belt truss at the 

optimum location. The analysis results have been compared and effect of the optimum location on 

the lateral deflection and the shear lag phenomena have been investigated. The results of the 

analysis present when the second outrigger is located in the optimum location, the lateral 

deflection of the all stories are minimized. Also, the optimum location of the outrigger can 

decrease the shear lag phenomena in the framed tube. 
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